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Abstract
This thesis discusses properties of flexural waves in thin elastic plates that incorporate
a structured system of gratings of defects. The defects may take the form of inclusions
or masses, but we focus on circular inclusions, and in particular, holes with a clamped
edge. We place the work in the relatively new field of platonics, which is the study of
flexural waves in plates governed by the fourth-order biharmonic plate equation. By
analogy with photonic and phononic crystals, the two-dimensional structures in thin
elastic plates are known as platonic crystals.
We present a novel analysis of trapped modes and transmission resonances in grating
stacks, arising from the interaction with plane waves incident on the gratings. We show
that the evanescent modes are important in demonstrating interesting and unusual
filtering eﬀects. In particular we analyse the previously unstudied eﬀect of elasto-
dynamically inhibited transmission (EDIT), where a resonance in transmission is cut
in two by a resonant minimum arising from destructive interference. Similar destructive
interference-induced phenomena have been observed in other settings, notably classical
optical oscillators, metamaterials and plasmonics, but we are the first to do it for
flexural plates.
The phenomenon of EDIT is a central theme of this thesis, and is linked to the
analysis of even and odd Bloch modes in the grating waveguides. We develop a method
that identifies the parameters of the model, the relative separations η and lateral shifts
ξ of the gratings, and the spectral parameter β and angle of incidence θi of the plane
wave, to find EDIT eﬃciently.
The method is powerful and universal, based on a recurrence procedure for the
construction of reflection and transmission matrices. A multipole method is employed
for circular scatterers and the limiting case of rigid pins, whereby the solutions are
determined analytically. Recent developments have also been made with arbitrarily-
shaped holes, and other future research is likely to focus on the association with Dirac-
like cones that are linked to the standing modes arising in platonic crystals.
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Chapter 1
Introduction and background
In this thesis we consider thin structured plates that contain an interaction region
consisting of a finite number of periodic gratings, and our particular interest is in
the localisation of flexural waves within the grating structure. Many elastic systems
such as aircraft, long bridges and reinforced roads encompass periodic arrangements
of inclusions, voids and masses. These structures are frequently subjected to stress
concentrations and therefore the study of the resonant action of incident flexural waves
within our structured plates has applications in engineering, in addition to its intrinsic
interest.
We place this work in the relatively new field of platonics, which concerns the prop-
agation of elastic waves, in the form of flexural bending waves, through thin structured
plates. The term platonic crystal was first used by McPhedran et al. (2009), and was
defined as “any structured system that is governed by the biharmonic plate equation”.
The key words here are structured and plate, since the first half of the word platonic is
derived directly from plate, and the second half alludes to the analogy of the structured
periodic system with photonic and phononic crystals.
Since the 1980’s, there has been substantial interest in problems concerned with
wave properties in doubly periodic structures among mathematicians, engineers and
physicists. The majority of the research is concerned with electromagnetism and ad-
dresses Maxwell’s system and the Helmholtz equation, so it is referred to as the photonic
band-gap problem. Photonic crystals are designed to control the propagation of light
through periodic media with varying refractive indices. The books on the subject by
Joannopoulos et al. (2008) and Sakoda (2005) provide excellent coverage of the present
state of the field. The extensive body of literature directed to the study of photon-
ics was a primary motivation in considering similar periodic problems for alternative
media.
One such smaller body of the literature concerns acoustic and elastodynamic waves,
where the properties of solutions of the Lame´ system for structured media are inves-
tigated. This field is referred to as the phononic band-gap problem. The recent book
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by Deymier (2013) provides an up-to-date overview of phononic crystals and acoustic
metamaterials. An excellent collection of references to results in both of these fields
may be found in the online bibliography (The Photonic and Sonic Band Gap Bibliog-
raphy, 2008). A combination of the exponential growth of the work, and competition
from Google Scholar, influenced the editor Jonathan Dowling to cease updating the
website from 2008.
A recent search for photonic and phononic crystal publications indicated that there
have been around 40,000 papers dealing with photonic crystals compared with around
400 for phononic papers. In contrast, the topic we discuss here has received very little
prior attention, numbering fewer than 20 papers at the time of writing. It concerns the
vibrational modes of thin structured elastic plates governed by an equation involving
the biharmonic operator. It is distinguished from the electromagnetic and acoustic
cases by the important fact that the Green’s function for this operator is non-singular
at the source point, whereas the Green’s function for the two-dimensional Helmholtz
operator diverges logarithmically.
One essential tool in understanding the behaviour of waves in photonic crystals and
related systems is that of Bloch waves. These provide a basis set of functions suitable
for expanding any wave within such structures. Another crucial tool implemented
throughout this work is the Rayleigh method for which field quantities are represented
by multipole expansions. The underlying principle of such a multipole method is the
application of a field identity (Rayleigh identity) that, by the use of lattice sums (see
Borwein et al. 2013), relates the regular field in the vicinity of any scatterer to the
fields radiated by the other scatterers and external sources (Rayleigh 1892).
We are interested in periodic arrays embedded in thin elastic plates. The simplest
periodic array is a diﬀraction grating, which contains an infinite number of equally
spaced scatterers positioned along a line. A diﬀraction grating is used to scatter incident
plane waves (Born & Wolf 1959). Two crucial concepts imported from classical optics
are directly applicable here; quasi-periodicity and the Fraunhofer diﬀraction grating
equation. The dispersive properties of electromagnetic diﬀraction gratings (Born &
Wolf 1959) have analogous counterparts in platonic diﬀraction grating arrays used to
scatter and disperse flexural waves.
Diﬀraction grating theory is very relevant for the analysis of wave propagation
through two-dimensional periodic structures since any doubly periodic array may be
regarded as an infinite stack of gratings. An alternative treatment uses Bloch-Floquet
theory to determine the dispersion relation for the platonic crystal. Both methods
generate spectral band diagrams and reveal when the propagation of the flexural waves
is supported through a two-dimensional array.
There is much scope regarding both the nature and geometry of possible scatterers.
We primarily analyse circular scatterers with clamped boundaries, but our method is
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equally valid for inclusions or point masses. Similarly any smooth geometrical shapes
may be used, but we favour circular boundaries which support an elegant analytic
method of solution. The boundary conditions imposed on the edges of the scatterers
may range from fully clamped to free edge, which allow for free bending of the plate. A
special case where the radius of the clamped holes tends to zero, gives us a periodically
pinned plate.
One of the earliest papers on a two-dimensional periodic array, by Movchan et al.
(2007), addressed the spectral problem for a thin elastic plate containing a square array
of circular holes or rigid stationary inclusions. Platonic band diagrams were obtained,
and it was shown that in the case of a free boundary, the band diagram tends to that
of the unstructured elastic plate as the radius of cylinders tends to zero. However for
clamped boundaries it was shown that the zero-radius case corresponds to a complete
platonic band gap running from zero frequency up to a finite value that can be evaluated
simply. This striking result means that the flexural wave properties of gratings made of
fixed pins having zero radius are non-trivial, and such gratings when stacked together
can give good filtering action, an eﬀect that can be accurately described using a theory
that is both elegant and easily understood.
The work done by Evans & Porter (2007) emphasised the role of trapped modes
within these grating systems. This followed on from related research on supported
plates (Evans & Meylan 2005 and Evans & Porter 2006) where pinned elastic plates
floating on water were investigated. We restrict our attention to biharmonic plates
containing periodic arrays, with the emphasis on the importance of evanescent modes.
Konenkov (1960, 1964) considered the case of a single circular inclusion using mul-
tipole techniques. The additional complexity of one- and two-dimensional arrays being
embedded within the plates was investigated later. Some early references are Kouzov
& Lukyanov (1976) where a doubly periodic array of pins and point masses were con-
sidered for plates, interacting with ambient sound waves in the context of modelling
acoustically-absorbing sandwich structures. Norris and Vemula provided comprehen-
sive coverage of circular inhomogeneities for both Kirchhoﬀ-Love (1995) and Mindlin
(1997) theories. The work by Evans & Porter (2007) and Movchan et al. (2007) was
carried out independently later, and emphasised the elegance and simplicity of the
method of solution for pinned plates.
The work was advanced in several papers by Movchan et al. (2009, 2011), McPhe-
dran et al. (2009) and Poulton et al. (2010, 2012). This included the analysis of
finite stacks of gratings, wave trapping, nonzero radius of scatterers and a comparison
of results for Kirchhoﬀ-Love and Mindlin plates. The filtering eﬀects associated with
the trapping of waves within grating systems exhibit optical-type behaviour linked to
Fabry-Pe´rot theory.
Other related work on platonic crystals has been the engineering of structures that
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exhibit complex diﬀraction behaviour. Farhat et al. (2009, 2010a,b) theoretically
demonstrated negative refraction in thin plates, whereby a point source is refocused
around a finite disk. Recent papers by Smith et al. (2011-2013) observed negative
refraction properties and flexural lensing. A recent example of experimental cloaking
was successfully carried out by Stenger et al. (2009) who based their approach on the
theory of Farhat et al. (2009). A cloak in the form of a concentric ring was designed
to surround a single clamped circular scatterer, and cloaking was observed for a wide
frequency range of 200-400 Hz.
This thesis considers various structured regions that are used to filter flexural (out-
of-plane displacement) plane waves. The main body of work incorporates three papers.
The first concerns a platonic crystal containing a finite number of gratings stacked
above one another. The elegance and simplicity of the analytic solution for a grating
of rigid pins arises from the linearity of the biharmonic plate equation. This linearity
allows the scattered field to be expressed as a superposition of Helmholtz and modified
Helmholtz waves (see Section 2.2). A related expansion involving the Green’s function
of the plate was used by Evans & Porter (2007).
We develop a recurrence algorithm for constructing the reflection and transmission
matrices required to characterise the filtering of plane waves by the structured system
with shifted gratings. Similar recurrence procedures have been extensively used in
electromagnetism. We refer the reader to the overview by Botten et al. (2003), where
material on the accompanying lattice sums is instructive, and to the papers by Botten
et al. (2001) and Platts et al. (2002, 2003) amongst others. An early example for a
platonic grating system is the paper by Movchan et al. (2009). In Chapter 3 we go
through the method of solution in detail, both for an incident plane wave scattering
problem, and the treatment of the system as a waveguide.
The variation of the grating system parameters demonstrates several interesting
filtering properties related to trapped modes and transmission resonances. The eﬀect
of resonant transmission is illustrated in Fig. 1.1 where the field plot shows the flexural
displacement inside a stack of three gratings of rigid pins, and the plane wave outside
the stack. The plane wave appears for this case to be virtually unperturbed for the
chosen frequency. However we show that controlled lateral shifts of three gratings
can give rise to a transmission peak with a sharp central suppression region, akin to
the phenomenon of electromagnetic induced transparency (EIT), a quantum-mechanical
eﬀect which arises in three-level atomic systems (Fleischhauer et al. 2005).
We discuss EIT in Section 2.4.5 but the characteristic curve of absorption versus
frequency in Fig. 2.11 bears a striking resemblance to the transmitted energy curve for
a three-grating stack shown in Fig. 1.2(b), where symmetric and anti-symmetric modes
coincide, discussed in detail in Chapters 4 to 6. Destructive interference results and
the total transmitted energy is negligibly small at this minimum and we therefore term
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Figure 1.1: (a) Triplet of aligned rigid-pin gratings with period d and relative grating
separation η = 1. The angle of incidence is θi. (b) Flexural displacement plotted as
a function of x and y for the transmission resonance associated with a symmetric
trapped mode for θi = 30◦ for the grating stack illustrated in (a).
the platonic eﬀect Elasto-Dynamically Inhibited Transmission (EDIT).
EDIT features strongly in our published papers (see Haslinger et al. 2012, 2013,
2014) but there are analogies with EIT in other fields. A recent paper by Lin et
al. (2009) described EIT-like eﬀects linked to optomechanical interference for nano-
optomechanical structures (NOMS). The authors refer to induced mechanical trans-
parency (IMT) where two modes, one optically bright and the other optically dark
(akin to our symmetric and anti-symmetric modes) coincide. The destructive interfer-
ence suppresses excitation of the mechanical system.
Recent literature in metamaterials also refer to EIT analogues. These include the
papers by Zhang et al. (2008), Papasimakis et al. (2008) and Tassin et al. (2009). Liu
et al. (2009) consider a planar metamaterial analogue of EIT for plasmonic sensing,
which involves a shift control parameter similar to the one we employ for the central
grating in a finite grating stack. The structural asymmetry is an important factor in
coupling the modes to induce the interference eﬀects that underpin the EIT-like eﬀect.
In our second paper described in Chapter 5, we studied the localisation of flexural
waves within shifted grating systems composed of clamped holes or rigid inclusions of
finite radius in the structured plate. The eﬀect of the finite value of the radius on the
dynamic localisation was analysed for the range of frequencies where only zeroth grating
orders propagate. Poulton et al. (2010) presented a thorough coverage of nonzero-
radius gratings for the doubly periodic square array. The structure of the resonant
modes within gratings of inclusions is of special interest, since EDIT is dependent on
the coincidence of symmetric and anti-symmetric modes. The increased radius of the
voids makes it necessary to carefully take into account higher-order multipole terms
characterising the scattered field, and associated higher-order lattice sums. Lattice
5
3.56 3.57 3.58 3.59 3.60 3.61 3.62 Β
0.2
0.4
0.6
0.8
1.0
Ttot
3.615 3.616 3.617 3.618 3.619 3.620Β
0.2
0.4
0.6
0.8
1.0
Ttot
Figure 1.2: Normalised transmitted energy Ttot versus spectral parameter β for a triplet
of rigid pins with θi = 30◦, d = 1, η1 = η2 = 1 in both cases and: (a) ξ = 0 ; (b)
ξ = 0.25200. The parameter ξ represents relative lateral shift of the central grating.
sums (see Borwein et al. 2013) are an essential aspect of multipole methods for periodic
systems, and are sums of terms evaluated at each point of the array’s structure. Their
evaluation is both important and subtle, with complications arising from the definition
of conditionally convergent series.
In the culminating third paper described in Chapter 6, the grating stack is con-
sidered as a structured waveguide for trapped modes. For a stack of rigid pins, a
quasi-periodic Green’s function is employed to derive the dispersion equation for Bloch
waves in such a waveguide. The dispersion equation solutions are displayed graphi-
cally in band diagrams. A connection is established with the transmission problem
by identifying parameters of the grating stack and of the incident wave, to generate a
transmission resonance linked to a trapped Bloch wave within the structured waveguide.
We classify the even and odd classes of modes, and we show how the EDIT interaction
may be steered over a wide range of frequencies and angles, using a strategy in which
the single-grating reflectance is kept high. In this way, the quality factors of the even
and odd resonances may be kept large.
The filtering eﬀects we have discovered have several potential applications in wave
filtering. Surface acoustic waves (SAW) are acoustic waves travelling along the surface
of an elastic material, with an amplitude that typically decays exponentially with depth
into the substrate. In seismology for example, surface acoustic waves travelling along
the Earth’s surface are often the most destructive type of seismic wave produced by
earthquakes. There may be the possibility of fabricating switches linked to the EDIT
eﬀect where a peak in transmission is suppressed by finely tuning the lateral shift
control. The resonances which provide the EDIT phenomenon are, as we show in
Chapters 4 to 6, extremely narrow and may thus find application in flexural wave
filters.
Before describing the method of solution, which incorporates several complex tech-
niques including multipoles, Rayleigh method, Graf’s addition theorem, grating sums
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and a recurrence procedure, we introduce the important underlying concepts. This
includes a brief summary of the important ideas that we use from the classical optical
theory of gratings. We also outline the derivation of the quasi-periodic Green’s function
for a single grating of clamped circular voids and introduce the lattice sums used to
characterise the interaction of the flexural waves with the periodic structured interface.
Lattice sums are needed both for the Helmholtz and modified Helmholtz equations.
We conclude with a chapter summarising the overall findings of our work, and discuss
potential applications and future continuation of the research.
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Chapter 2
Underlying theory
2.1 Governing equation
The underlying equation of this thesis is the biharmonic plate equation. It is derived
using the Kirchhoﬀ-Love plate theory, which may be viewed as the two-dimensional
analogue of the Euler-Bernoulli beam equation. The basic hypothesis of Euler-Bernoulli
beam theory is that plane cross-sections initially perpendicular to the axis of the beam
remain plane and perpendicular to the neutral axis during bending. This assumption
implies that the longitudinal strains vary linearly across the depth of the beam and,
for elastic behaviour, the beam’s neutral axis passes through the centroid of the cross-
section (Graﬀ 1975). Euler-Bernoulli theory yields a dispersive system unlike the wave
equation for strings.
For the two-dimensional plate, the main kinematic assumptions are that
- straight lines normal to the mid-surface remain straight, and normal to the mid-
surface after deformation;
- thickness of plate does not change during deformation. Graﬀ (1975) provides a
derivation based on moments and forces, and an alternative method using asymptotics
is sketched by Movchan & Movchan (1995).
The standard Kirchhoﬀ plate equation of motion is
D∆2w(x; t) + ρh
∂2w
∂t2
(x; t) = 0, (2.1)
where w is the out-of-plane displacement, x = (x, y), ρ is the mass density of the plate,
h is its thickness and D is the flexural rigidity of the plate, D = Eh3/(12(1 − ν2)),
where the physical parameters of the elastic material are the Young’s modulus E and
the Poisson ratio ν. We assume time-harmonic vibrations w(x; t) =W (x) sin(ωt) where
W is the amplitude and ω is the angular frequency. Substituting this into equation (2.1)
we obtain an equation satisfied by the amplitude W (x):
∆2W (x)− β4W (x) = 0, (2.2)
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with β2 = ω
￿
ρh/D. The spectral parameter β has dimension 1/L with units m−1 and
therefore may be considered as a wavenumber. This equation is widely known as the
biharmonic plate equation.
Kirchhoﬀ-Love plate theory is concerned with the analysis of out-of-plane bending
waves, and contributes little with respect to the propagation of in-plane elastic waves.
The flexural bending waves are fundamentally diﬀerent in character from compressional
acoustic or electromagnetic waves. They account for the lowest frequency waveguide
mode for elastic waves, and they are dispersive.
The solution to the Kirchhoﬀ-Love, or biharmonic, plate equation depends on the
geometry of the plate and the boundary conditions. For the scattering problems that
we consider within this thesis, we assume an infinitely large plate containing circular
inclusions. For strong filtering eﬀects, clamped boundary conditions provide the best
examples. Therefore these are used throughout the thesis, the details of which are given
in Section 2.1.1.
Kirchhoﬀ theory is the classical approach and is usually applicable for the case of
thin plates where the thickness h is smaller than the wavelength λ of flexural out-of-
plane displacements. Mindlin theory is the alternative, and Movchan et al. (2011)
conducted a comparative analysis of the two plate models for the dynamic response
of platonic structures. In this thesis, we consider classical Kirchhoﬀ theory. For the
application of Mindlin theory to elastic plates incorporating cylindrical cavities or in-
clusions, we refer the reader to the work by Vermula & Norris (1995, 1997) and to
Movchan et al. (2011), as well as earlier research carried out by Pao & Chao (1964)
and Lu (1966).
2.1.1 Structured interaction region
We consider an infinite thin elastic plate with an internal structure which consists of a
finite number of parallel gratings. Our model allows for the gratings to consist of cylin-
drical inclusions whose cross-sections are of arbitrary smooth shape or size. Here we
concentrate on circular voids of finite radius with clamped boundaries, and the limiting
case of the radius tending to zero, corresponding to a pinned point. We demonstrate
that the periodically structured grating stack supports sharp transmission resonances
for low-frequency flexural vibrations. The resonances arise from the interaction with
the plane wave, characterised by the angle of incidence θi and spectral parameter β.
We show one such configuration in Fig. 2.1, where the outer pair of the triplet
consists of clamped-edge voids or rigid inclusions with a finite radius a, whilst the
central grating contains pinned points. The other parameters are the angle of incidence
θi, the period of the gratings d and the relative grating separation η. We also indicate
the scattered field. An important additional parameter is the relative shift of the
central grating denoted by ξ, which is crucial for supporting a filtering eﬀect similar
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Figure 2.1: Stack of gratings consisting of an outer pair of finite nonzero inclusions
with radius a and period d, and a central grating of rigid pins. The relative grating
separation between consecutive gratings is η, and the relative lateral shift of the central
grating is ξ.
to electromagnetically induced transparency (EIT). We term this Elasto-Dynamically
Inhibited Transmission (EDIT). This novel phenomenon for elasticity problems was
first observed by Haslinger et al. (2012, 2013, 2014). It is characterised by a resonant
peak in transmission being cut in two by a resonant dip with an extremely high quality
factor. We discuss it in more detail in Section 2.4.5 and Chapters 4 to 6.
The two most natural types of boundary conditions to consider are clamped and
free edge on the circular boundary of the scatterers in Fig. 2.1. Clamped boundaries
provide the best conditions for strong filtering eﬀects.
Dirichlet clamped edge conditions are
W
￿￿￿￿￿
r=a
= 0,
∂W
∂r
￿￿￿￿￿
r=a
= 0. (2.3)
In particular, when the radius a tends to zero we retrieve the case of fixed pins.
Our results arise from modelling the propagation of flexural waves through the
structured grating stack. We consider plane waves which propagate freely through
the homogeneous material until they reach the stack of gratings whereupon they are
reflected and transmitted. We use plane wave representations, where both propagating
and evanescent orders are taken into account.
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2.2 Plane wave representations of scattered waves
The biharmonic plate equation (2.2) may be written in its factorised form:
∆2W (x)− β4W (x) = (∆+ β2)(∆− β2)W = 0, (2.4)
where β2 = ω
￿
ρh/D with the physical parameters being defined as in Section 2.1.
Hence W is the superposition of two types of wave, one satisfying the Helmholtz
equation and the other satisfying the modified Helmholtz equation:
(∆+ β2)WH = 0 and (∆− β2)WM = 0. (2.5)
An important aspect of the physics of the problem is that WH contains both propa-
gating and evanescent waves, while WM consists entirely of evanescent waves (decay
exponentially). The incident field is represented by plane waves of two types:
1. Propagating (or evanescent) solution of the Helmholtz equation
Wi, H(x) =
1￿|χ0| exp{i(α0x− χ0y)}, (2.6)
where α20 + χ
2
0 = β
2. Here χ0 is real and positive for a propagating solution. For
the evanescent solution, χ0 is pure imaginary, with positive imaginary part.
2. Evanescent solution of the modified Helmholtz equation
Wi, M (x) =
1￿|χˆ0| exp{i(α0x− χˆ0y)}, (2.7)
where α20 + χˆ
2
0 = −β2, χˆ0 = iτ0, τ0 > 0.
As in Movchan et al. (2009), we use plane wave series expansions to describe the
reflected and transmitted waves. We consider a single grating lying on the horizontal
x-axis. We define two straight lines γ+ and γ− parallel to the grating, placed at an
arbitrary distance either side of the x-axis (see Fig. 2.2). We use these lines to represent
the upper and lower “sides” of the grating. This notation is important for the recurrence
algorithm we employ to build a stack of multiple gratings, since we must distinguish
between the directions of the waves as they hit the grating. Throughout this thesis, we
use the superscript “+” to denote waves from above the grating, and the superscript
“−” to label waves arriving at the grating from below.
If we consider an incident field, of Helmholtz or modified Helmholtz type defined
using representations (2.6) or (2.7), hitting a grating, we may represent the total field
by
W (x) =Wi(x) +Ws, H(x) +Ws, M (x), (2.8)
where the scattered field Ws(x) has been split into two parts. Each of these parts
consists of reflected and transmitted fields, the reflected waves being present on γ+
and the transmitted waves emanating from γ−. The plane wave expansions are given
below:
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Figure 2.2: A plane wave (I ) incident on a grating of rigid pins from above. We
show the generic scattered field consisting of reflected and transmitted waves R and
T respectively. The lines γ+ and γ− are used to indicate the upper and lower sides
of the grating.
Plane wave expansions for scattered field
1. On γ+, we have reflected waves of Helmholtz and modified Helmholtz type:
Ws, H(x) =
￿
p
Rp￿|χp| exp{i(αpx+χpy)}, αp = α0+ 2πpd , α2p+χ2p = β2, (2.9)
where the integer p describing the order of the scattered field, covers an infinite
range which can be divided into two sets, one containing propagating waves for
which χp are real, and the other comprises evanescent waves, for which χp are
pure imaginary with positive imaginary part. We discuss the concept of diﬀraction
orders in more detail in Section 2.4 when we consider the diﬀraction grating of
classical optics.
We have a similar expression for the evanescent waves arising from the modified
Helmholtz equation:
Ws, M (x) =
￿
p
Rˆp￿|χˆp| exp{i(αpx+ χˆpy)}, α2p + χˆ2p = −β2, χˆp = iτp, τp > 0.
(2.10)
2. On γ−, we have transmitted waves of Helmholtz and modified Helmholtz type:
Ws, H(x) =
￿
p
Tp￿|χp| exp{i(αpx− χpy)}, α2p + χ2p = β2, (2.11)
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and
Ws, M (x) =
￿
p
Tˆp￿|χˆp| exp{i(αpx− χˆpy)}, α2p + χˆ2p = −β2, χˆp = iτp, τp > 0.
(2.12)
These plane wave representations are valid outside of the strip bounded by the lines γ+
and γ− in Fig. 2.2, but we use cylindrical multipole expansions within this strip (see
Section 2.5.2).
2.3 Quasi-periodicity conditions
The periodicity of platonic gratings in the horizontal direction imposes a quasi-periodicity
condition (Bloch-Floquet condition) on plane waves that interact with the grating. A
quasi-periodic function is similar to a periodic function φ(x+ d) = φ(x), but there is a
change in phase across each period d:
f(x+ d) = eiκxdf(x),
where real κx is called the Bloch factor. So for a quasi-periodic function f , the modulus
|f | is periodic since |eiκxd| = 1.
Quasi-periodic representations arise in problems involving periodic arrays and are
extremely convenient since they allow a reduction of the domain to a single period for
a grating, or an elementary cell for a two-dimensional array. In this latter case, the
elementary cell containing the origin is called the primitive or Wigner-Seitz cell. The
corresponding quasi-periodicity condition is
W (x+Rp) =W (x)e
iκ.Rp , (2.13)
with x = (x, y) and Rp the array vector which locates the position of each individual
scatterer within the array. For example, for a square array we have Rp = (md, nd)
where m,n are integers. In equation (2.13), κ denotes the Bloch vector, and solutions
of (2.13) which satisfy the condition are called Bloch waves, or occasionally Floquet-
Bloch waves.
The platonic grating is a particular case whereby the displacement field W satisfies
the Bloch quasi-periodicity condition along the horizontal x-axis:
W (x+ pde(1)) =W (x)eiα0pd. (2.14)
Here p is an integer, d is the period, and α0 = β sin θi, where θi is the angle of incidence
(see Fig. 2.1).
The two-dimensional arrays we primarily consider consist of an integer number N
of platonic gratings, so equation (2.14) is fundamental to our treatment. However in
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Figure 2.3: A two-dimensional lattice composed of particles of the same mass, placed
at equal distances from one another along two lines intersecting at an arbitrary angle
θ.
the limit as N → ∞, the structure tends towards the infinite doubly periodic array.
Comparison is subsequently made between the two approaches so we introduce the
ideas of direct and reciprocal lattice vectors and Brillouin zones for two-dimensional
arrays in Section 2.3.1.
Platonic crystals are fundamentally periodic arrays and have many things in com-
mon with lattice structures. Therefore several concepts from the fields of crystallogra-
phy and solid-state physics have been used in the extensive photonic crystal literature,
and we introduce some of them here.
2.3.1 Direct lattice and reciprocal lattice
We draw upon the analysis by Brillouin in his classical book Wave Propagation in
Periodic Structures (1953) by illustrating a general two-dimensional lattice composed
of particles of the same mass, placed at equal distances from one another along two
lines intersecting at an arbitrary angle θ in Fig. 2.3. The small circles represent the
masses, and distances between the particles in directions d1 and d2 are not necessarily
the same.
The vectors d1 and d2 are basis vectors from the particle designated as the origin
of the lattice, and then any point in the array is given by
rl1,l2 = l1d1 + l2d2, (2.15)
where li are integers. The basis {d1,d2} is not unique; the pair {d1,d￿2} would also
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Figure 2.4: (a) Infinite plate with a doubly periodic array of cylindrical voids. (b)
The irreducible Brillouin zone for the doubly periodic square array.
suﬃce and any linearly independent pair d￿￿1 and d￿￿2 would form a valid basis with
d￿￿1 = m1d1 + n1d2
d￿￿2 = m2d1 + n2d2
￿
,
m1
m2
￿= n1
n2
, (2.16)
where mi, ni are integers. The lattice described by a basis {d1,d2} is known as the
direct lattice.
For any direct lattice, we define a reciprocal lattice with basis vectors b1 and b2
defined by the equation
bi · dk = δik, (2.17)
where δik is the Kronecker delta and i, k = 1, 2.
Brillouin (1953) demonstrates some simple analysis to explain reasons for the term
reciprocal lattice. The area of the elementary cell for the direct lattice Sd is given by
Sd = |d1 × d2| = |d1||d2| sin θ, (2.18)
and similarly for the reciprocal lattice, Sb = |b1||b2| sin θ. The product of these areas
is shown to be unity and therefore the areas Sd and Sb are reciprocals.
The fundamental cell in the direct lattice has the origin at its centre, and is com-
monly known as the primitive or Wigner-Seitz cell. In Fig. 2.4(a) we show the array
and primitive cell for the particular case of the doubly periodic square array that we
discuss in more detail in Section 2.5. The elementary cell is symmetric about the origin
and is repeated across the periodic array.
When we move from the direct lattice to the reciprocal lattice, we are eﬀectively
considering the Fourier transform. The associated fundamental cell in this reciprocal
or Fourier space is called the first Brillouin zone. It is geometrically constructed by
drawing the perpendicular bisectors of the reciprocal lattice vectors in the vicinity of
the origin. The area enclosed by the intersections of these bisectors is the first Brillouin
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Figure 2.5: Converged band diagrams for clamped-edge boundary conditions, for
radii (a) a = 0.2 and (b) a = 0.35. Γ , X and M are the vertices of the irreducible
part of the Brillouin zone. The inset in (b) shows a magnification of a “collapsed”
band. Taken from Poulton et al. (2010).
zone. Within this zone, we may then use symmetry to derive the irreducible Brillouin
zone which is the smallest area required to determine the band surfaces of a platonic
crystal over the whole of the first Brillouin zone. For the example of the square array,
this is a triangular region shown in Fig. 2.4(b). We now introduce some examples of
band diagrams for Bloch-Floquet bending waves in a thin elastic plate containing the
doubly periodic square array of cylindrical voids.
2.3.2 Dispersion of Bloch waves and band diagrams
The dispersion equation for Bloch waves within the doubly periodic square array of
circular voids has been derived by Movchan et al. (2007). We give an outline of this
problem in Section 2.5. The dispersion equation solutions are displayed graphically in
band diagrams, and Poulton et al. (2010) provided several illustrative examples for
various boundary conditions applied to the scatterers.
In Fig. 2.5 (Poulton et al. 2010), we show the band diagram formulated using the
standard convention for photonic crystal literature, in that the modulus of the Bloch
vector k0 is on the horizontal axis, with the spectral parameter β on the vertical axis,
and three principal lines are selected to represent the variation of the Bloch vector
k0 = (k0x, k0y). These lines are drawn from k0 = (0, 0) to (π, 0), ΓX; from k0 = (π, 0)
to (π,π), XM ; and from k0 = (0, 0) to (−π,−π) with k0x = k0y, MΓ . These three
regions of interest for the variation of k0 = (k0x, k0y) arise from the irreducible Brillouin
zone (Fig. 2.4(b)).
The band diagrams indicate several modes, or band orders, and the two most notable
features of Fig. 2.5(a) for radius a = 0.2 are the total band gaps above and below the
fundamental (zero order) mode, and the lack of a band gap between the second and
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Figure 2.6: Converged band diagrams for free-edge boundary conditions, with Pois-
son ratio ν = 0.3, for radii (a) a = 0.2 and (b) a = 0.35. The bands lie close to those
for the Bloch modes of a homogeneous structure. Taken from Poulton et al. (2010).
third modes. For radius a = 0.35 in Fig. 2.5(b), there is a band gap between every
band shown, and upon closer inspection, there is the interesting feature that increased
radius leads to the second and third bands “collapsing” upon one another, forming a
quasi-degenerate pair, shown in the inset.
One further observation made by Poulton et al. (2010) is the tendency of the
bands to become very flat as the radius of the voids increase. This is clearly illustrated
in Fig. 2.5(b) and these flat bands correspond to trapped modes and slow waves, a
very important feature of our analysis throughout this thesis. In Fig. 2.6 (taken from
Poulton et al. 2010), we show dispersion curves for the free-edge boundary condition for
the same radii. Comparing the two types of boundary condition, flat bands are more
likely to arise from clamped-edge conditions, and dispersion curves closer to freely-
propagating waves are more likely to arise from the free-edge conditions.
2.4 Concepts from classical optics
The periodic gratings are composed of circular voids separated by a fixed distance d,
and are used as the fundamental building block of the platonic periodic arrays. An
incident flexural wave is scattered by the grating, producing a set of reflected and
transmitted waves. This behaviour is analogous to that of a diﬀraction grating in a
photonic crystal.
2.4.1 Diﬀraction grating
In optics, a diﬀraction grating is a periodic structure that splits and diﬀracts light
into multiple beams propagating in diﬀerent directions, at diﬀerent wavelengths. The
grating acts as a dispersive element. The directions of the beams depend on the spacing
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(period) of the grating, the wavelength (or frequency) and each beam is characterized
by its specular order m. The relationship between these factors is determined using
the Fraunhofer grating equation, which has an equivalent expression for the platonic
grating, with a separate case for each of Helmholtz and modified Helmholtz type waves.
For general practical applications, the photonic gratings have ridges or rulings on
their surface, and are either reflective (analogous to a mirror) or transmissive (analogous
to a lens). The grating’s zero-order mode (i.e. specular order m = 0) aﬀords no
diﬀraction and the incident wave behaves according to Snell’s laws of reflection and
refraction. For an arbitrary angle of incidence θi (defined as in Fig. 2.1), the grating
equation for a diﬀraction grating of period d is
sin θm = sin θi +
mλ
d
, (2.19)
where λ is the wavelength of the beam of light of specular order m. From this equation
we obtain the explicit expression for θm:
θm = arcsin
￿
mλ
d
+ sin θi
￿
. (2.20)
The nonzero integers m may be positive or negative, giving diﬀracted orders on both
sides of the zero order beam.
For the platonic grating, the equivalent Fraunhofer equation describing the rela-
tionship between the order of the flexural waves p, the angle of incidence θi and the
spectral parameter β is
αp = α0 +
2πp
d
, (2.21)
where
α0 = β sin θi and αp = β sin θp = α0 +
2πp
d
. (2.22)
To solve uniquely the Helmholtz and modified Helmholtz equations (2.5), a radia-
tion condition must be imposed to guarantee that only outgoing waves are present at
infinity. This is the Sommerfeld radiation condition, named after Arnold Sommerfeld
who observed that the energy radiated from the sources must scatter to infinity, and
that no energy may be incoming from infinity (Sommerfeld, 1949). The Sommerfeld
radiation condition ensures that the complex exponentials in the plane wave expansions
in Section 2.2 decay exponentially, rather than grow, and contribute evanescent waves.
We define ΩH to represent the set of propagating orders of Helmholtz type. The
sets ΩeH and Ω
e
M contain evanescent waves, of Helmholtz and modified Helmholtz type
respectively. The set ΩeM comprises all integers p since all modified Helmholtz waves
that satisfy the Sommerfeld radiation condition are evanescent. Propagating orders
are commonly projected onto the normal Oy axis, whilst evanescent waves decay ex-
ponentially and travel in the direction parallel to the Ox axis. For any propagating
incident wave, of Helmholtz type, which is characterised by its angle of incidence θi,
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the zeroth order is certain to be propagating. To determine the wave numbers β for
which additional orders are propagating, we use the identity
α2p + χ
2
p = β
2. (2.23)
The terms χp are defined by
χp =
￿￿
β2 − αp2 , αp2 ≤ β2
i
￿
αp2 − β2 , αp2 > β2,
(2.24)
and the propagating orders require χp to be real and positive. The diﬀraction angle for
the pth order is denoted by θp and is defined by
θp = arcsin
￿
sin θi +
2πp
βd
￿
. (2.25)
Evanescent orders arise for θp = ±π/2. We consider both cases, combining equa-
tions (2.19) and (2.22). If θp = −π/2,
−β = β sin θi + 2πp
d
⇒ β(1 + sin θi) = −2πp
d
⇒ β = −2πp
(1 + sin θi)d
,
and for θp = π/2,
β = β sin θi +
2πp
d
⇒ β = 2πp
(1− sin θi)d. (2.26)
Combining the two cases, we have an expression for both positive and negative diﬀrac-
tion orders:
β =

−2πp
(1+sin θi)d
, p < 0
2πp
(1−sin θi)d , p > 0.
(2.27)
These formulae give us the values of β at which the specular order passes oﬀ,
i.e. becomes propagating. For values of β lower than this threshold, the waves are
evanescent (non-propagating) and decay exponentially away from the grating. For
normal incidence, we would observe symmetry regarding the propagating orders, i.e. in
the event of p1 being propagating, so would −p1. However, as the angle changes, this
symmetry would no longer be observed, and propagating orders will be skewed to the
positive or negative side.
For example for a grating with unit periodicity and θi = 30◦, the first six propagat-
ing orders are 0, -1 (β = 4π/3d), -2 (β = 8π/3d), -3 and 1 simultaneously (β = 4π/d),
and -4 (β = 16π/3d). We note that in classical optical theory, it is the wavelength that
is used to determine the passing oﬀ of diﬀraction orders, rather than the frequency
parameter β that we are employing. This is precisely the reason that the −1th order
passes oﬀ “before” the 1th order, which is contrary to what one would expect when
studying an electromagnetic diﬀraction grating.
We illustrate this example in Fig. 2.7 where β = 4.5 is considered for the oblique
angle of incidence θi = 30◦. For these values, the 0th and −1th orders are propagating,
whilst the other orders are evanescent.
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Figure 2.7: A plane wave (I ) incident on a grating of rigid pins from above with
angle of incidence θi. We show the diﬀraction order p = −1 as well as the zeroth
order reflected and transmitted fields.
2.4.2 Eﬃciency curves and Wood anomalies
In the field of optics, there are several physical eﬀects arising from diﬀraction gratings
that apply to a platonic diﬀraction grating. Wood anomalies are one such phenomenon,
and were first discovered by R. W. Wood in 1902. Here we introduce the concept of
eﬃciency curves for the reflected and transmitted energies associated with an optical
diﬀraction grating, and discuss a set of these curves showing illustrative examples of
Wood anomalies for a platonic analogue.
Eﬃciency curves
Eﬃciency and its variation with wavelength and spectral order are important charac-
teristics of a diﬀraction grating. For a reflection grating, absolute eﬃciency is defined as
the ratio of the intensity of monochromatic light diﬀracted into the specular order be-
ing measured, to the intensity of the incident light (see Diﬀraction Grating Handbook,
Loewen 1970).
In essence, eﬃciency is the ratio of the flow of energy along the normal to the
grating, relative to that for the incident wave. Therefore the eﬃciency En of an order
n with plane wave amplitude Bn is
En =
|Bn|2 cos θn
|Bi|2 cos θi ,
where the subscript i represents the incident wave. Evanescent orders carry energy
parallel to Ox, and therefore have nonzero intensity, but zero eﬃciency.
The control of the magnitude and variation of diﬀracted energy with wavelength is
called blazing. For optical gratings, it involves manipulating the micro-geometry of the
grating grooves. For platonic gratings, the alterations are in the grating period and
20
geometry of the scatterers, in our case the radius of the circular voids. It is useful to
plot eﬃciency versus wavelength for a given diﬀraction order and these eﬃciency curves
usually show a single maximum. The characteristic wavelength in optics is known as
the peak wavelength or blaze wavelength. We observe a similar profile when we plot
normalised reflected energy versus the spectral parameter β for a platonic grating, as
illustrated by the dashed curve in Fig. 2.8.
Anomalies
In 1902, R. W. Wood observed that the intensity of light diﬀracted by a grating gen-
erally changed slowly as the wavelength was varied. Occasionally, a sharp change in
intensity was observed at certain wavelengths (Wood 1902). These abrupt changes in
eﬃciency are now known as Wood anomalies, and appear as sharp peaks and troughs
on eﬃciency curves. Later, they were grouped into two types, Rayleigh anomalies and
resonance anomalies (Hessel & Oliner 1965).
Lord Rayleigh predicted spectral locations where certain sets of anomalies would be
found. In particular he stated that anomalies occur when light of a specific wavelength
λ￿ and spectral order m￿ is diﬀracted at |θd| = 90◦ from the grating normal (i.e. parallel
to the grating itself) and becomes evanescent. For wavelengths λ < λ￿, |θd| < 90◦,
propagation is possible for order m￿ and all lower orders m < m￿, but for λ > λ￿, no
propagation is possible for order m￿ (but is still possible for lower orders). This is
sometimes called the passing oﬀ of a specular order.
There is a discontinuity in the diﬀracted power versus wavelength in order m￿ at
wavelength λ￿, and the power that would diﬀract into this order for λ > λ￿ is redis-
tributed among the other propagating orders. Therefore Rayleigh anomalies arise from
the abrupt redistribution of energy when a diﬀracted order changes from propagating
to evanescent, or vice versa. They are also known as threshold anomalies (see Loewen
& Popov 1997).
The second group of anomalies are normally more noticeable than Rayleigh anoma-
lies, and are caused by resonance phenomena. Both classes were illustrated by Movchan
et al. (2009) for a platonic grating (see Fig. 2.8). In Fig. 2.8, normalised reflected en-
ergy is plotted versus the spectral parameter β for a single grating (dashed curve), and
for a pair of unshifted gratings, normalised transmitted energy is plotted versus β (solid
curve). The sharp spike in transmission for a pair coincides with the discontinuity in
reflection for a single grating with d = 1 at β = 4π/3, and corresponds to a Rayleigh
anomaly. The second peak in transmission for the pair at around β = 4.8 is linked to
resonance anomalies.
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Figure 2.8: Normalised transmitted energy Ttot, summed over propagating orders
(see equation (3.93)), versus β for a pair of gratings, and normalised reflected energy
Rtot for a single grating (dashed line) of rigid pins with d = 1. The incident wave is
of Helmholtz type, with angle of incidence θi = 30◦. Adapted from Movchan et al.
(2009).
2.4.3 Stokes-Helmholtz reciprocity principle
The Stokes-Helmholtz reciprocity principle applied to gratings relates two diﬀraction
problems. In the first, an incident plane wave is diﬀracted by a grating into a particular
reflected order (say p), with an eﬃciency Ep. In the second, the incident wave comes
in along the same line as order p went out, and the diﬀracted order p retraces the
path of the first incident wave, its eﬃciency also being Ep. This follows an application
of Green’s Theorem using the boundary conditions on the grating surface and the
periodicity of the total field. The reciprocity principle holds whether or not the grating
is lossy (see Maystre & McPhedran 1974).
Loewen & Popov (1997) state that there are three important consequences of the
reciprocity principle:
1. The zeroth-order eﬃciency, represented by E0(λ) where λ is a given wavelength,
is a symmetric function of the angle of incidence θi about θi = 0.
2. The rotation of the grating through π (whilst keeping θi constant) does not aﬀect
E0(λ). If only two diﬀraction orders are propagating (for example p = 0, p = 1),
the eﬃciency E1(λ) will be unchanged too.
3. The eﬃciency Ep(λ) for a given diﬀraction order p is a symmetric function of λ
versus sin θi about the Littrow condition θi = θd.
The Littrow condition or mounting ensures that for a reflection grating, there is a
certain value of order p such that the pth diﬀracted wave is reflected back along the
path of the incident wave, i.e. they are propagating in opposite directions (Petit 1982).
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Figure 2.9: Normalised reflected energy (eﬃciency) versus angle of incidence θi for
a single grating of rigid pins for β = 8.0. Solid curve: p = 1, Dashed curve: p = −1.
The lines of symmetry for the Littrow angle ±23.1225◦ (±0.403565 radians) are
shown by the vertical lines.
This may be expressed as θp = −θi. Referring to the grating equation (2.22), we have
2 sin θi = −2πp
βd
.
For p = ±1 with d = 1, the Littrow condition angle is given by
θ∓1,L = ± arcsin
￿
π
β
￿
. (2.28)
In Fig. 2.9 we show an example illustrating the third consequence of the reciprocity
principle outlined by Loewen & Popov (1997). The normalised reflected energy, or
equivalently the eﬃciency, of the orders p = ±1 for a single grating of rigid pins
is plotted versus angle of incidence θi for β = 8.0. The solid curve represents the
propagating waves for p = 1 and the dashed curve, those for p = −1. The orders
p = ±1 pass oﬀ at θ±1,W = ∓ arcsin (π/4− 1) = ±0.21628, as can be seen in Fig. 2.9,
giving rise to Rayleigh anomalies on either side of the origin.
The symmetry about the Littrow angle θ±1,L is also apparent. For this case
θ1,L = −θ−1,L = − arcsin (π/β) = −0.403565. We use vertical lines to demonstrate
the symmetry arising as a consequence of the reciprocity principle. McPhedran & Wa-
terworth (1972, 1973) provide detailed coverage of diﬀraction grating anomalies, and
refer to this concept in their Fig.1 (1973).
2.4.4 Fabry-Pe´rot theory
The platonic grating structures possess Bloch modes that couple with the incident
waves to support transmission through the system for specific combinations of θi and
the spectral parameter β. For stacks of many gratings, the dominant action is reflection.
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However there occur narrow frequency bands in which transmission dominates, due to
resonances of Bloch modes within the stacks. This phenomenon is linked directly to
the trapping of waves between the gratings. Fundamentally, the high reflectance of a
single grating supports the trapping of waves between sets of identical gratings, and
the associated localisation is observed in the form of resonances.
A classical device in optics is the Fabry-Pe´rot interferometer. Its principle of opera-
tion is at first sight counterintuitive, and is worth explaining since a similar mechanism
operates in the systems investigated throughout this thesis. It typically consists of two
or more parallel highly-reflecting mirrors. A related device is the Fabry-Pe´rot e´talon,
which is made of a transparent plate with two reflecting surfaces. For most frequencies,
light is simply reflected oﬀ the first mirror. However for specific frequencies, light can
be trapped between the mirrors, bouncing back and forth and increasing in intensity.
At the resonant frequency, transmission very close to unity can occur. The higher the
mirror reflectance, and the larger the number of mirrors, the narrower the frequency
region of significant transmission. Such structures commonly occur in laser cavities,
and in many other optical devices.
We now present a brief account of the theory of the Fabry-Pe´rot interferometer.
This is useful since it is a scalar version of arguments we develop in Section 3.2 and
subsequent chapters, wherein the scalar amplitudes are replaced by scattering matrices.
Governing equations
When a wave is incident on a surface, it is divided into two plane waves, one reflected
and one transmitted. For each member of either of the sets of reflected or transmitted
waves, the variable part of the phase of the wave function diﬀers from that of the
preceding member by an amount corresponding to a double traversal of the plate. This
is illustrated in Fig. 2.10 (see Born & Wolf 1959). This phase diﬀerence δ is
δ =
4π
λ0
n￿h cos θ￿ = 2k0l, (2.29)
where λ0 is the wavelength in a vacuum, h is the plate’s thickness, n￿ is its refractive
index and θ￿ is the angle of refraction. In the second expression, k0 is the wavenumber
and l is the optical path length. Taking A(i) to be the complex wave amplitude of the
incident wave, we denote the reflection and transmission coeﬃcients for waves travelling
from the surrounding medium into the plate by r and t. Similarly, for the corresponding
coeﬃcients for waves travelling from the plate to the surrounding medium, we use r￿
and t￿. We then obtain a series of amplitudes for the reflected waves:
rA(i), tt￿r￿A(i)eiδ, tt￿r￿3A(i)e2iδ, ....., tt￿r￿(2p−3)A(i)ei(p−1)δ, ....
and for the transmitted wave coeﬃcients, we have
tt￿A(i), tt￿r￿2A(i)eiδ, tt￿r￿4A(i)e2iδ, ....., tt￿r￿2(p−1)A(i)ei(p−1)δ...
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Figure 2.10: Multiple-beam interference for a transparent plate with thickness h
and refractive indices n for the ambient medium, and n￿ for the plate. The angles
of incidence and refraction are θ and θ￿ respectively.
Similar terms are used in the geometric series that we later employ for the platonic
gratings in Section 3.2.2.
Born & Wolf (1959) define the reflectivity and transmissivity of the plate surfaces
by R and T where r2 = r￿2 = R and tt￿ = T . These terms are related by
R+ T = 1.
By evaluating the sums p → ∞ for these series, we obtain representations for the
reflected and transmitted amplitudes A(r) and A(t):
A(r) =
(1− eiδ)√R
1−Reiδ A
(i), A(t) =
T
1−ReiδA
(i).
The intensities I(i), I(r) and I(t) are defined as follows
I(i) = A(i)A(i)∗, I(r) = A(r)A(r)∗ = |A(r)|2, I(t) = A(t)A(t)∗ = |A(t)|2, (2.30)
where ∗ denotes complex conjugation. Airy’s formulae for the diﬀracted intensities
follow:
I(r) =
4R sin2 (δ/2)
(1−R)2 + 4R sin2 (δ/2)I
(i) (2.31)
and
I(t) =
T 2
(1−R)2 + 4R sin2 (δ/2)I
(i). (2.32)
The relative eﬃciency of the transmitted field is
I(t)
I(i)
=
1
1 + F sin2 (δ/2)
, (2.33)
where the parameter F is defined by the equation F = 4R/(1−R)2. Jenkins & White
(1981) also provide a nice explanation for the derivation of this equation.
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Sharpness of the Fabry-Pe´rot fringes and quality factors
As the reflectance R of a surface is increased, the fringes due to multiple reflections
become much narrower. This is explained by looking at equation (2.33) for the intensi-
ties. When R is small compared with its maximum value of unity, F is also small and
we can expand the term on the RHS of (2.33), and retain only the first power of F :
I(t)
I(i)
= 1− F sin2 (δ/2) = 1− F
2
(1− cos δ).
If R is increased, the intensity of the minima for the transmitted pattern falls, whilst
its maxima become sharper until as R → 1 when the transmitted maxima become
extremely narrow and sharp but extremely intense. Therefore the pattern becomes
an almost completely dark background with narrow, bright fringes corresponding to
constructive interference.
The sharpness of the fringes are commonly measured by their half-intensity width or
half-width, which is reminiscent of the quality factors we use to quantify the sharpness
of transmission resonances for platonic grating structures throughout this thesis. Born
& Wolf (1959) define the half-width for transmitted light interference fringes to be the
width between points on either side of a maximum where the intensity has fallen to half
its maximum value. The finesse F of the fringes is defined as the ratio of the separation
of adjacent fringes to the half-width ￿.
For a fringe of interference order m, the points at which the intensity is half of its
maximum are at
δ = 2mπ ± ￿
2
where from equation (2.33),
1
1 + F sin2 (￿/4)
=
1
2
,
and when F is suﬃciently large, ￿ is small enough that we may write sin (￿/4) = ￿/4.
The half-width is then given by
￿ =
4√
F
, (2.34)
and the finesse by
F = 2π
￿
=
π
√
F
2
=
π
√R
1−R (2.35)
since the separation of adjacent fringes corresponds to a change 2π of the phase change
δ. The finesse F is a classical term for the fineness of a resonance.
We now present the relation between finesse and the quality factors that are com-
monly used to quantify the sharpness of resonances in wave science. The quality factor
or Q-factor is a dimensionless parameter which characterises a resonance’s bandwidth
relative to the frequency of the maximum energy. We use the standard definition
Q =
β∗
∆β
, (2.36)
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where β∗ characterizes the resonance frequency and ∆β represents the frequency dif-
ference between the half-power points. For a given β∗, the narrower or sharper a peak
is, the higher the Q. Typically, an equivalent definition is
Q =
β∗
γ∗
, (2.37)
where β∗ + iγ∗ represents a complex resonant frequency, and this definition allows us
to determine how far we have to go into the complex plane to find a resonance. A
third definition of Q expresses it as the ratio of the energy density inside the resonant
structure to that outside it.
It follows from equation (2.36) that
Q =
β∗
∆β
=
k∗
∆k
. (2.38)
Referring to equations (2.33) and (2.29),
I(t)
I(i)
=
1
1 + F sin2 (δ/2)
=
1
1 + F sin2 (k0l)
=
1
2
when F sin2 (k0l) = 1. Therefore in this case,
sin (k0l) = ± 1√
F
⇒ k0l ≈ ± 1√
F
,
when F is large. The nth maximum is defined by k0l = nπ and we have k0 = nπ/l and
∆k0 ≈ 2/l
√
F . Therefore
Q =
nπ
√
F
2
= nF , (2.39)
using equations (2.38), (2.35). The equations (2.36)-(2.39) will be used in Chapters 4
to 6 to derive the Q-factors for the resonances under investigation.
2.4.5 Electromagnetically induced transparency
The phenomenon of Electromagnetically Induced Transparency (EIT) has been in-
tensively studied in the years since the initial investigations by S. E. Harris and his
co-workers in 1989 (Harris 1989). The phenomenon relies on a laser controlling pop-
ulations in chosen atomic states, causing a quantum interference and transforming an
absorption resonance into a band cut in two by a laser-induced region of complete trans-
parency. The result of this process is illustrated in Fig. 2.11 taken from Fleischhauer et
al. (2005). The phenomenon is important because it gives rise to enhanced non-linear
properties of the medium, and an unusual and valuable region of steep dispersion. An
alternative descriptor for EIT sometimes used is spectral hole burning.
The way in which EIT works is illustrated in a generic energy level diagram: see
Fig. 2.12 taken from Fleischhauer et al. (2005). The absorption peak, which is laser-
modified, is associated with electrons being moved from state |2￿ to |3￿ via absorption
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co-workers !Harris et al., 1990". The importance of EIT
stems from the fact that it gives rise to greatly enhanced
nonlinear susceptibility in the spectral region of induced
transparency of the medium and is associated with steep
dispersion. For some readable general accounts of ear-
lier work in the field, see, for example, Harris !1997" or
Scully !1992". Other more recent reviews on specific as-
pects of EIT and its applications can be found in the
articles of Lukin, Hemmer, and Scully !2000"; Matsko,
Kocharovskaya, et al. !2001"; Vitanov et al. !2001", as
well as in the topical Colloquium by Lukin !2003". It
should be emphasized that the modification of atomic
properties due to quantum interference has been studied
extensively for 25 years; see, for example, Arimondo
!1996". In particular, the phenomenon of coherent popu-
lation trapping !CPT" observed by Alzetta et al. !1976" is
closely related to EIT. In contrast to CPT which is a
“spectroscopic” phenomenon that involves only modifi-
cations to the material states in an optically thin sample,
EIT is a phenomenon specific to optically thick media in
which both the optical fields and the material states are
modified.
The optical properties of atomic and molecular gases
are fundamentally tied to their intrinsic energy-level
structure. The linear response of an atom to resonant
light is described by the first-order susceptibility !!1".
The imaginary part of this susceptibility Im#!!1"$ deter-
mines the dissipation of the field by the atomic gas !ab-
sorption", while the real part Re#!!1"$ determines the re-
fractive index. The form of Im#!!1"$ at a dipole-allowed
transition as a function of frequency is that of a Lorent-
zian function with a width set by the damping. The re-
fractive index Re#!!1"$ follows the familiar dispersion
profile, with anomalous dispersion !decrease in Re#!!1"$
with field frequency" in the central part of the absorp-
tion profile within the linewidth. Figure 1 illustrates both
the conventional form of !!1" and the modified form that
results from EIT, as will be discussed shortly.
In the case of laser excitation where the magnitude of
the electric field can be very large we reach the situation
where the interaction energy of the laser coupling di-
vided by " exceeds the characteristic linewidth of the
bare atom. In this case the evolution of the atom-field
system requires a description in terms of state-amplitude
or density-matrix equations. In such a description we
must retain the phase information associated with the
evolution of the atomic-state amplitudes, and it is in this
sense that we refer to atomic coherence and coherent
preparation. This is of course in contrast to the rate-
equation treatment of the state populations often appro-
priate when the damping is large or the coupling is
weak, for which the coherence of the states can be ig-
nored. For a full account of the coherent excitation of
atoms the reader is referred to Shore !1990".
For a two-level system, the result of coherent evolu-
tion is characterized by oscillatory population transfer
!Rabi flopping". The generalization of this coherent situ-
ation to driven three-level atoms leads to many new
phenomena, some of which, such as Autler-Townes split-
ting !Autler and Townes, 1955", dark states, and EIT,
will be the subject of this review. These phenomena can
be understood within the basis of either bare atomic
states or new eigenstates, which diagonalize the com-
plete atom-field interaction Hamiltonian. In both cases
we shall see that interference between alternative exci-
tation pathways between atomic states leads to modified
optical response.
The linear and nonlinear susceptibilities of a #-type
three-level system driven by a coherent coupling field
will be derived in Sec. III. Figure 1 shows the imaginary
and real parts of the linear susceptibility for the case of
a resonant coupling field as a function of the probe field
detuning from resonance. Figure 2 shows the corre-
sponding third-order nonlinear susceptibility. Inspection
of these frequency-dependent dressed susceptibilities re-
veals immediately several important features. One rec-
ognizes that Im#!!1"$ undergoes destructive interference
FIG. 1. Susceptibility as a function of the frequency $p of the
applied field relative to the atomic resonance frequency $31,
for a radiatively broadened two-level system with radiative
width %31 !dashed line" and an EIT system with resonant cou-
pling field !solid line": top, imaginary part of !!1" characterizing
absorption; bottom, real part of !!1" determining the refractive
properties of the medium.
FIG. 2. Absolute value of nonlinear susceptibility for sum-
frequency generation %!!3"% as a function of $p, in arbitrary
units. The parameters are identical to those used in Fig. 1.
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Figure 2.11: Susceptibility as a function of the frequency ωp of the applied field
relative to the atomic resonance frequency ω31, for a radiatively broadened two-level
system with radiative width γ31 (dashed line) and an EIT system with resonant
coupling field (solid line): top, imaginary part of χ(1) characterizing absorption;
bottom, real part of χ(1) determining the refractive properties of the medium. Taken
from Fleischhauer et al. (2005).
of photon energy. This pr cess is inhibited by the probe l s r promoting electrons from
state |1￿ into state |3￿, discouraging promotion from |2￿ to |3￿ by the Pauli exclusion
principle.
Th EDIT (elasto-dynamically inhibited transmission) phenomenon we have inves-
tigated systematically i this thesis b rs a strong similarity in its results to EIT, in
that a peak is cut in two by a narrow trough, leading to a steep and interesting dis-
persion c aracteristic (see Haslinger et al. (2012) and Chapter 4 for the first published
results). However the details of the process are quite diﬀerent. Firstly it is a resonant
peak in ra smission, of the Fabry-Pe´rot type, which is cut in two by a region of strong
reflection. Thus in the acronym EDIT, the last two letters refer to inhibited transmis-
sion rath r than induced transparency (see Haslinger et al. (2013a) and Chapter 5).
Secondly, the exploitation in EIT depends on finding a gas with an appropriate set of
energy levels in the desired frequency range. In the case of EDIT, the frequency range
is broadly a matter of choosing suitable scale size for the experimental system. EDIT
in fact relies on the controlled interaction between a mode of even spatial symmetry
and a mode of odd spatial symmetry.
For EDIT, rather than a three-level energy system, we use a stack of three gratings.
For the case of rigid pins, the even resonance is sensitive to the lateral position of the
central grating while the odd resonance is independent of that position. Thus by shifting
the central grating we can align the frequencies of the odd and even resonances inducing
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way, but for resonant fields it is of opposite sign.
B. Dark state of the three-level !-type atom
The use in laser spectroscopy of externally applied
electromagnetic fields to change the system Hamiltonian
of course predates the idea of using this in nonlinear
optics or in lasing without inversion. We must mention
the enormous body of work treating the effects of static
magnetic fields !Zeeman effect" and static electric fields
!Stark effect". The case of strong optical fields applied to
an atom began to be extensively studied following the
invention of the laser in the early 1960s. Hänsch and
Toschek !1970" recognized the existence of these types
of interference processes for three-level atoms coupled
to strong laser fields in computing the system suscepti-
bility from a density-matrix treatment of the response.
They identified terms in the off-diagonal density-matrix
elements indicative of the interference, although they
did not explicitly consider the optical and nonlinear op-
tical effects in a dense medium.
Our interest is in the case of electromagnetic fields in
the optical frequency range, applied in resonance to the
states of a three-level atom. We illustrate the three pos-
sible coupling schemes in Figs. 5 and 6. For consistency
states are labeled so that the #1$-#2$ transition is always
the dipole-forbidden transition. Of these prototype
schemes we shall be most concerned with the lambda
configuration in Fig. 5, since the ladder and vee configu-
rations illustrated in Fig. 6 are of more limited utility for
the applications that will be discussed later.
The physics underlying the cancellation of absorption
in EIT is identical to that involved in the phenomena of
dark-state and coherent population trapping !Lounis
and Cohen-Tannoudji, 1992". We shall therefore review
briefly the concept of dark states. Alzetta et al. !1976"
made the earliest observation of the phenomenon of co-
herent population trapping !CPT" followed shortly by
theoretical studies of Whitley and Stroud !1976". Ari-
mondo and Orriols !1976" and Gray et al. !1978" ex-
plained these observations using the notion of coherent
population trapping in a dark eigenstate of a three-level
lambda medium !see Fig. 5". In this process a pair of
near-resonant fields are coupled to the lambda system
and result in the Hamiltonian H=H0+Hint, where the
Hamiltonian for the bare atom is H0 and that for the
interaction with the fields is Hint. The Hamiltonian H
has a new set of eigenstates when viewed in a proper
rotating frame !see below", one of which has the form
#a0$="#1$−##2$, which contains no amplitude of the bare
state #3$ and has amplitudes " and # proportional to the
fields such that it is effectively decoupled from the light
fields. In the experiments of Alzetta, population was
pumped into this state via spontaneous decay from the
excited states and then remained there since the excita-
tion probability of this dark state is canceled via inter-
ference. An early account on the effect of CPT on the
propagation of laser fields was given by Kocharovskaya
and Khanin !1986". A very informative review of the
applications of dark states and the coherent population
trapping that accompanies them in spectroscopy has
been provided by Arimondo !1996".
We would now like to look a bit more closely at the
structure of the laser-dressed eigenstates of a three-level
atom illustrated in Fig. 5. This discussion is intended to
provide a simple physical picture that establishes the
connection between the key ideas of EIT and that of
maximal coherence.
Within the dipole approximation the atom-laser inter-
action Hint=! ·E is often expressed in terms of the Rabi
coupling !or Rabi frequency" $=! ·E0 /%, with E0 being
the amplitude of the electric field E, and ! the transition
electronic dipole moment. After introducing the
rotating-wave approximation, we can represent the
Hamiltonian of the three-level atom interacting with a
coupling laser with real Rabi frequency $c and a probe
laser with Rabi frequency $p !Fig. 5" in a rotating frame
as
Hint = −
%
2% 0 0 $p0 − 2!&1 − &2" $c
$p $c − 2&1
& . !1"
Here &1='31−'p and &2='32−'c are the detunings of
the probe and coupling laser frequencies 'p and 'c from
the corresponding atomic transitions.
A succinct way of expressing the eigenstates of the
interaction Hamiltonian !1" is in terms of the “mixing
angles” ( and ) that are dependent in a simple way
upon the Rabi couplings as well as the single-photon
FIG. 5. Generic system for EIT: lambda-type scheme with
probe field of frequency 'p and coupling field of frequency 'c.
&1='31−'p and &2='32−'c denote field detunings from
atomic resonances and *ik radiative decay rates from state #i$
to state #k$.
FIG. 6. Ladder !left" and vee-type !right" three-level schemes.
These do not show EIT in the strict sense because of the ab-
sence of a !meta"stable dark state.
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Figure 2.12: eneric system for EIT: lambda-type schem with probe field of fre-
quency ωp and coupling field of frequency ωc. ∆1 = ω31 − ωp and ∆2 = ω32 − ωc
denote field detunings from atomic resonances and Γik radiative decay rates from
state |i￿ to state |k￿. Taken from Fleischhauer et al. (2005).
the “hole burning” via destructive interference, which leads to inhibited transmission.
This novel analogue of EIT-like eﬀects for flexural plates joins examples recently
presented in the literature for metamaterials, plasmonics and nano-optomechanical
structures (NOMS). The contributions by Liu et al. (2009, 2010) refer to the first
experimental demonstrations of EIT-like eﬀects in optical metamaterials. The basic
idea involves coupling two antennae, one a optically bright dipole i the form of a
gold bar, and the oth r an op ically dark quadr pole antenna consisting of a pair of
gold wires placed beneath the dipole. Owing to their close proximity, strong coupling
can be induced and destructive interference between the two excitation pathways leads
to the EIT-like phenomena. As in EDIT, structural asymmetry in the form of a shift
control parameter has an important bearing on the destructive interference arising from
the coupling of the excitation pathways. Liu et l. (2010) report that the strength of
coupling increases with increased structural asymmetry, whereas for EDIT, the optimal
shift is determined by the other parameter settings in the system.
Further recent contributions for plasmonic metamaterials were made by Wang et al.
(2013) and Taubert et al. (2012, 2013), who exten ed the work of Liu et al. (2009, 2010)
in the analysis of the coupling of dip le and quadrupole antennae in plasmonic systems.
In particular, Taubert et al. (2012, 2013) conducted an investigation of a classical
analogue of electromagnetically induced absorption (EIA) where constructive, rather
than destructive, interference of the excitation pathways gives rise to an enhancemen
of absorbance. We discuss th analogous case for flexu l plat s in Chapter 6, and the
link with Fano resonances.
2.5 Spectral problem for biharmonic operator for doubly
peri dic square array
The propagation of waves in thin homogeneous plates is well described in the clas ical
literature (for example Graﬀ 1975). The research into flexural waves in heterogeneous
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Figure 2.13: (a) Infinite plate with a doubly periodic array of circular voids. (b)
The central unit cell Ω0,0 containing a circular scatterer.
platonic structures was initiated relatively recently. A paper by Halkjær et al. (2006)
concerned the problems of numerical optical design, and maximizing the band gaps for
platonic structures. Another early paper by Evans & Porter (2007) analysed flexural
waves in thin plates periodically constrained by a square array of points.
Consider a doubly periodic square array of circular voids within a thin infinite
elastic plate. A spectral problem for the biharmonic operator is formulated in the ele-
mentary cell shown in Fig. 2.13, and its analytical solution is derived using a multipole
method. The boundaries of the holes may be clamped or free. This problem was anal-
ysed by Movchan et al. (2007). The multipole expansions are expressed in terms of
Bessel and modified Bessel functions, and are used to represent the eigensolutions. The
accompanying dispersion equations may be written in an explicit analytical form.
Important results were outlined by Movchan et al. (2007), most notably that the
clamped array of circular holes possesses a full band gap at zero frequency, and that this
band gap remains even in the limit as the radius of the cylinders tend to zero. This infers
that the Dirichlet problem for flexural waves in two dimensions cannot be homogenized,
whereas for the platonic structure with holes with free boundaries, the properties of
the flexural waves are perturbed only slightly from those for the homogeneous plate.
We present the multipole method for the two-dimensional platonic structure, which we
later adapt for our specific structured system consisting of a finite number of platonic
gratings.
2.5.1 Governing equations
The doubly periodic square array of circular voids within a thin infinite elastic plate
is shown from above in Fig. 2.13(a). The elementary cell is illustrated in Fig. 2.13(b),
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and is defined by
Ω0,0 = {(−d/2, d/2)× (−d/2, d/2)} \Da(0), (2.40)
where Da(0) = {(x, y) : x2 + y2 < a2} is the disc of radius a. The out-of-plane dis-
placement w(x, y; t) satisfies the Kirchhoﬀ equation (2.1). Time harmonic oscillations
are considered such that
w(x, y; t) =W (r, θ) sin (ωt),
where (r, θ) are polar coordinates, ω is the angular frequency and W is the amplitude
of the vibrations. The equation of motion then simplifies to the biharmonic plate
equation (2.2) which may be written in its factorised form:
(∆+ β2)(∆− β2)W = 0, (2.41)
where β2 = ω
￿
ρh/D with the physical parameters being defined as in Section 2.1.
Hence W is the superposition of two types of wave, one satisfying the Helmholtz
equation and the other satisfying the modified Helmholtz equation:
(∆+ β2)WH = 0 and (∆− β2)WM = 0. (2.42)
2.5.2 Multipoles
Within the elementary cell Ω0,0, shown in Fig. 2.13 (b) and defined by equation (2.40),
we use the series representation
W (r, θ) =
∞￿
n=−∞
wn(r)e
inθ, (2.43)
with wn being the multipole term
wn(r) = AnJn(βr) + EnH
(1)
n (βr) +BnIn(βr) + FnKn(βr) (2.44)
consisting of a Helmholtz part made up of Bessel functions Jn and Hankel functions
H(1)n , and a modified Helmholtz part consisting of the modified Bessel functions In and
Kn. The amplitudes An, En, Bn and Fn are the multipole coeﬃcients to be determined.
An important representation of the Hankel function H(1)n is
H(1)n (βr) = Jn(βr) + iYn(βr),
where Jn and Yn are Bessel functions of the first and second kind. The modified Bessel
functions In and Kn are related to Jn and H
(1)
n by
In(z) = i
−nJn(iz), Kn(z) =
πi
2
inH(1)n (iz). (2.45)
It is important to note that the series expansion (2.43) converges only in the re-
gion between the cylinder of interest (the elementary cell’s for instance) and the circle
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Figure 2.14: Radius of convergence for multipole expansion.
touching its four nearest neighbours, as illustrated in Fig. 2.14. Thus a ≤ r ≤ d − a.
The expansion covers the entire elementary cell if a ≤ d(1− 1/√2) since the minimum
radius of convergence in this case is d/
√
2 as shown in Fig. 2.14.
We use standard Bloch-Floquet quasi-periodicity conditions (see Section 2.3), which
are set within the periodic array. They relate the solution within a general cell Ωp1,p2
to that within the central cell Ω0,0 by
W (r+Rp) =W (r)e
iRp·k0 , (2.46)
where
Rp = p1d e
(1) + p2d e
(2), p = {p1, p2}, p1, p2 ∈ Z;
k0 is the Bloch vector, e(1) and e(2) are the axial unit vectors and d is the period of
the array. The vector Rp is often called the lattice vector, as noted in Section 2.3.1.
Its polar form is Rp = (Rp,φp), where Rp = |Rp|, φp = arg(Rp). This form is required
later in equation (2.55) when deriving the Rayleigh identites.
2.5.3 Boundary conditions and their multipole representations
The two most natural types of boundary conditions to consider are clamped and free
edge on the circular boundary (C0 in Fig. 2.13(b)).
(i) Dirichlet clamped edge conditions are
W
￿￿￿￿￿
r=a
= 0,
∂W
∂r
￿￿￿￿￿
r=a
= 0. (2.47)
In particular, when the radius a tends to zero we retrieve the case of fixed pins.
32
(ii) Free boundaries are defined by the moment and transverse force being equal to zero.
The details of the relevant moments and forces are given by Movchan et al. (2007) but
since we are interested in clamped conditions, we omit them here.
For the clamped case, using equations (2.44), (2.47), we have
AnJn(βa) + EnH
(1)
n (βa) +BnIn(βa) + FnKn(βa) = 0 (2.48)
and
AnJ
￿
n(βa) + EnH
(1)￿
n (βa) +BnI
￿
n(βa) + FnK
￿
n(βa) = 0. (2.49)
We solve the spectral problem by constructing the dispersion relation which links the
angular frequency ω with the Bloch vector k0. To do this we evaluate the multipole
coeﬃcients as solutions of the Rayleigh system.
2.5.4 Rayleigh identities and lattice sums
The functionsWH andWM that satisfy equations (2.41), (2.42) are respectively oscilla-
tory and exponential, and propagate independently in the elastic medium between the
circular voids. There are separate consistency relations between the local expansions
in the elastic medium surrounding a general void Ωp1,p2 and the central cell’s void Ω0,0,
for each of WH and WM . These consistency relations are called the Rayleigh identities
and are derived in the well established way (see for example Botten et al. 2003) using
Green’s theorem and Graf’s addition theorem which we describe in more detail for the
case of a platonic grating stack in Section 2.6.1.
Referring to Abramowitz & Stegun (1965), the addition theorem is given for Bessel
functions of the type J , Y , H(1) and H(2) which are collectively denoted by the symbol
C:
Cν(w)eiνχ =
∞￿
κ=−∞
Cν+κ(u) Jκ(v)eiκα, (2.50)
where u, v and w are the magnitudes of the vectors u, v and w that form three sides
of a triangle, with α the angle between u and v and χ the angle between u and w. An
additional constraint is that v < u.
For the addition theorem for the modified Bessel functions K and I, we replace u,
v and w with iU , iV and iW , and use the relations between H(1)l (iz) and Kl(z), and
Jl(iz) and Il(z) i.e.
H(1)0 (iz) =
2
iπ
K0(z),
π
2
il+1H(1)l (iz) = Kl(z), i
−lJl(iz) = Il(z). (2.51)
For the Hankel function for example, equation (2.50) becomes
H(1)0 (iW ) =
∞￿
l=−∞
H(1)l (iU) Jl(iV )e
ilα.
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The substitution of the identities (2.51) yields
2
πi
K0(W ) =
∞￿
l=−∞
2
π
i−(l+1)Kl(U) Il(V ) il eilα,
which simplifies to
K0(W ) =
∞￿
l=−∞
Kl(U)Il(V )e
ilα, (2.52)
an expression with the same structure as the general Bessel function C expansion (2.50).
The general result is
Kn(W )e
inχ =
∞￿
k=−∞
Kn+k(U)Ik(V )e
ikα, (2.53)
with a similar formula for In.
The Rayleigh identity for the function WH which satisfies the Helmholtz equation
in (2.42), is given by
An =
∞￿
l=−∞
(−1)l−nSHl−n(β,k0)El, (2.54)
where SHl (β,k0) is the lattice sum of order l for the Hankel function H
(1):
SHl (β, k0) =
￿
p ￿={0,0}
H(1)l (βRp) e
ilθp eik 0·Rp . (2.55)
Here, Rp is defined as in (2.46) with Rp = |Rp|, φp = arg(Rp). These lattice sums
are not absolutely convergent so have to be replaced by appropriate expressions for
numerical computations. This is discussed in detail for the grating stack model in
Sections 3.1.3 and A.1.
The Rayleigh identity forWM , which satisfies the modified Helmholtz equation (2.42)
is given by
Bn =
∞￿
l=−∞
(−1)lSKl−n(β,k0)Fl, (2.56)
where the lattice sums
SKl (β, k0) =
￿
p ￿={0,0}
Kl (βRp) e
ilθp eik 0·Rp (2.57)
are exponentially convergent and so can be evaluated by direct summation, provided
that βd is not too small. Movchan et al. (2007) give accelerated convergence formu-
lae (obtained by repeated integration) for both SHl and S
K
l . However the accelerated
representations can only be used for l > 0. For the case of l < 0, relations are re-
quired between the positive and negative orders. The following identities were given
by Movchan et al. (2007):
SYl (β,−k0) = (−1)lSYl (β,k0), SY−l(β,k0) =
￿
SYl (β,k0)
￿∗
, (2.58)
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and
SKl (β,−k0) = (−1)lSKl (β,k0), SK−l(β,k0) = (−1)l
￿
SKl (β,k0)
￿∗
, (2.59)
where complex conjugation is denoted by the asterisk.
Eigenmodes of flexural vibrations
To solve this problem for the clamped edge condition, we combine the Rayleigh identi-
ties (2.54), (2.56) and the boundary conditions (2.48), (2.49). The same is done for the
free boundaries (see Movchan et al. 2007) but we only consider the clamped condition
here. The Rayleigh identities couple multipoles of diﬀerent orders for the same type of
waves, and depend on the geometrical arrangement of the voids in the periodic array.
The boundary conditions are used to couple multipoles of the same order, but for two
diﬀerent types of wave. Therefore the boundary conditions carry information about the
elastic moduli of the specific problem, the radii of the inclusions or voids and the type
of boundary condition, but nothing about the geometry of the array. The necessary
coupling between the two types of wave, and the geometry of the system, is brought
together by combining the boundary conditions and Rayleigh identities, which yields a
soluble algebraic system for the multipole coeﬃcients we seek to evaluate.
For the clamped boundary, we substitute (2.54) and (2.56) into (2.48) and (2.49):
∞￿
l=−∞
￿
(−1)l−nSHl−n(β,k0)Jn(βa) + δlnH(1)n (βa)
￿
El
+
∞￿
l=−∞
￿
(−1)lSKl−n(β,k0)In(βa) + δlnKn(βa)
￿
Fl = 0, (2.60)
∞￿
l=−∞
￿
(−1)l−nSHl−n(β,k0)J ￿n(βa) + δln(H(1)n )￿(βa)
￿
El
+
∞￿
l=−∞
￿
(−1)lSKl−n(β,k0)I ￿n(βa) + δlnK ￿n(βa)
￿
Fl = 0. (2.61)
We assume that the order of truncation L for the Rayleigh system (2.60), (2.61) is
chosen according to the radius of the void. Poulton et al. (2010) provide tables for se-
lecting the number of multipoles to achieve converged frequencies for a doubly periodic
square array consisting of perforations with non-zero radii. These conclusions which
link the radius of the hole to the number of necessary multipoles are also applicable
to the stacks of gratings in Section 3.1.3. The multipole summation then runs from
−L to L (2L + 1 terms). The accuracy of the solution to the system depends on the
precision with which we evaluate the incorporated lattice sums. In the doubly periodic
array, Movchan et al. (2007) recommended calculating the lattice sums over orders in
the range −2L to 2L (4L+ 2 terms).
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For the truncated system, we express the coeﬃcients El and Fl as column vectors
E and F, and obtain the matrix equation￿ RHHc RHMc
RMHc R
MM
c
￿￿
E
F
￿
= 0, (2.62)
where each of the four sub-blocks Rijc , {i, j} = {H,M}, has dimension (2L+1)×(2L+1)
and H denotes a Helmholtz type wave, andM , the modified Helmholtz type. The suﬃx
c denotes the clamped boundary condition. The matrix of dimension (4L+2)×(4L+2)
in equation (2.62) is complex and depends on β and k0. We denote it byM and obtain
the dispersion equation
det (M(β,k0)) = 0, (2.63)
which we solve numerically for a range of wave vectors k0. The order of truncation L
determines the number of solutions β.
For the case of rigid pins, it is suﬃcient to use order of truncation L = 1 which
means that matrix M has dimension 6 × 6 in our illustrative examples. For voids of
nonzero radius, a greater value of L is required, and this value increases as the radius
a increases. One may consult the papers by Platts et al. (2002), (2003) and Poulton et
al. (2010) for further coverage of the dependence of L on a. We also discuss this topic
in Chapter 5 and Haslinger et al. (2013a) for platonic grating stacks.
2.5.5 Band diagrams and stop-bands
We follow the analysis by Movchan et al. (2007) for the clamped square array with
unit periodicity. The authors provide a band diagram formulated using the standard
convention for photonic crystal literature as outlined in Section 2.3.2. It shows the first
three modes, or band orders, and the two most notable features are the total band
gaps above and below the fundamental (zero order) mode, and the lack of a band gap
between the second and third modes. The band gap at low frequencies is particularly
interesting. There is a similar observation from electromagnetism for arrays of perfectly
conducting rods (Nicorovici et al. 1995a, Pendry et al. 1996, Guida et al. 1998), where
it is an important factor in the construction of metamaterials.
For the monopole approximation l = n = 0, equation (2.63) becomes
SH0 (β,k0)S
K
0 (β,k0) (J0I1 + J1I0) + S
H
0 (β,k0) (−J0K1 + J1K0)
+SK0 (β,k0) (H
(1)
0 I1 +H
(1)
1 I0) +H
(1)
1 K0 −H(1)0 K1 = 0, (2.64)
where the LHS is the determinant of the 2 × 2 matrix in (2.62), and we have omitted
the argument (βa) for all of the Bessel and modified Bessel functions for convenience.
Here we have used the identities (2.45), (2.51) and the derivative formulae:
B￿0(z) = −B1(z), I ￿0(z) = I1(z), K ￿0(z) = −K1(z), (2.65)
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Figure 2.15: (a) First quadrant of the band surface for the lowest band for the square
array of clamped cylinders of zero radius, with β on the vertical axis. (b) Contours
of constant β for the same surface. The ranges for k0x and k0y are 0 ≤ k0x ≤ πd
and 0 ≤ k0y ≤ πd; the numbers shown along the intervals ΓX and ΓY correspond
to positions of the points of the grid rather than the values of k0x and k0y. Taken
from McPhedran et al. (2009).
where B is a Bessel function of the type J or Y (see Abramowitz & Stegun, 1965).
Movchan et al. (2007) demonstrated that this monopole approximation is good for
cylinders of small radius, using an example with a = 0.2, k0x = π/40 and k0y = 0.
A particularly interesting observation arises when we take the limit as the radius a
tends to zero in (2.64). The result is the simple equation
SY0 (β,k0) = −
2
π
SK0 (β,k0), (2.66)
which is used to produce the band diagram for a square lattice of clamped voids of
zero radius (see Fig.4, Movchan et al. 2007). Movchan et al. (2007) make a number
of important points regarding this band diagram, but the most striking feature is the
full band gap below the first mode as already noted in the Introduction. The band
surfaces corresponding to equation (2.66) may be constructed using numerical methods.
McPhedran et al. (2009) did this by taking a grid of values of components of k0 avoiding
symmetry lines, evaluating and placing in ascending order β values corresponding to
plane waves, and then searching for zeros of equation (2.66) between those values. We
reproduce some of those figures here.
In Fig. 2.15 we show the band surface and the equi-frequency contours for the lowest
band surface, giving the data for the first quadrant in which both components of k0
are non-negative. Using conventional labels for points in the two-dimensional Brillouin
zone Fig. 2.4(b), the origin (lower-left corner) is called Γ , the lower right corner is
called X, the upper left corner is Y and the top right corner is M . Fig. 2.15(a) shows
that the band has minima at X and Y , a maximum at M and a local maximum at Γ .
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Figure 2.16: Two diﬀerent views showing the “sandwiching” of the first band (blue)
between the plane wave surfaces shown in red for orders (0, 0) and (−1, 0) in part(a),
and (0, 0) and (0,−1) in part (b).
In Fig. 2.15(b), we also notice the saddle point not far from where the diagonals ΓM
and XY intersect, close to the edge MΓ of the irreducible Brillouin zone Fig. 2.4(b).
The first band is confined between dispersion curves for plane waves (first noted by
Movchan et al. 2007). This is shown explicitly in Fig. 2.16, taken from McPhedran
et al. (2009). The plane wave surfaces referred to are called “light lines” in the study
of photonic crystals, and here they correspond to singularities of the lattice sum SY0 .
For more detail the reader should consult McPhedran et al. (2009) but the dispersion
relation (2.66) requires SY0 to be equal to a quantity which is always finite because the
lattice sums SK0 have no poles. The only way the band surface can intersect a plane
wave surface is for it to intersect two plane wave surfaces simultaneously, as indicated
in Fig. 2.16. It approaches the intersection line of the plane wave surfaces in such a
way that the singularities of SY0 , from these surfaces, balance each other.
2.6 Green’s functions
The unit cell for the central void of a platonic grating is illustrated in Fig. 2.13(b). For
the limiting case of the radius a tending to zero, we derive the quasi-periodic Green’s
function for the grating of rigid pins.
We begin with the expression for the Green’s function for a biharmonic plate. Re-
ferring to the general equation
∆2G(x)− β4G(x) + δ(r− r￿) = 0, (2.67)
we employ the free-space Green’s function quoted by McPhedran et al. (2009):
G(|r− r￿|) = − 1
8β2
￿
iH(1)0 (βρ)−
2
π
K0(βρ)
￿
, (2.68)
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where ρ = r−r￿ and ρ = |ρ|. HereH(1)0 is the Hankel function of the first kind, of order 0
and K0 is the modified Bessel function related by the equation πil+1H
(1)
l (iz) = 2Kl(z).
This Green’s function is bounded at r = r￿, rather than diverging logarithmically there
as is the case for the two-dimensional Green’s functions of the Helmholtz and modified
Helmholtz equations. We may derive G by by taking the diﬀerence of the individual
Green’s functions for the Helmholtz and modified Helmholtz equations, whereupon the
singularities cancel. We use a similar method for the quasi-periodic Green’s function
for a periodic grating within the biharmonic plate.
2.6.1 Quasi-periodic Green’s function for an infinite grating of circu-
lar scatterers
The papers by Nicorovici and McPhedran (1994a,b) give the expression for a one-
dimensional periodic array of sources that obeys the inhomogeneous Helmholtz equa-
tion:
(∆+ β2)GH(x, y;α0) = δ(y)
∞￿
n=−∞
δ(x− nd) exp{iα0 nd}, (2.69)
where β is the wave number of the medium, and d is the period of the grating. The
quasi-periodicity factor is exp iα0nd. We summarise their analysis here, including a
brief description of the application of Graf’s addition theorem, before turning our at-
tention to the modified Helmholtz operator. However we adopt a governing equation
of the same form as (2.67):
(∆+ β2)GH(x, y;α0) + δ(y)
∞￿
n=−∞
δ(x− nd) exp{iα0 nd} = 0. (2.70)
The Green’s function (spatial form) that solves equation (2.70) is
GH(x, y;α0,β) =
i
4
∞￿
n=−∞
H(1)0 (β
￿
(x− nd)2 + y2) exp{iα0 nd}, (2.71)
where H(1)0 is the zeroth-order Hankel function of the first kind. The alternative ex-
pression is the spectral domain Green’s function:
GH(x, y;α0,β) =
i
2d
∞￿
n=−∞
1
χn
ei(αnx+χn|y|), (2.72)
where
αn = α0 + nK = α0 +
2πn
d
, (2.73)
χn =
￿￿
β2 − αn2 , αn2 ≤ β2
i
￿
αn2 − β2 , αn2 > β2. (2.74)
Equating (2.71) and (2.72) gives
∞￿
n=−∞
H(1)0
￿
β
￿
(x− nd)2 + y2
￿
eiα0 nd =
2
d
∞￿
n=−∞
1
χn
e(αnx+χn|y|). (2.75)
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Figure 2.17: Triangle illustrating Graf’s addition theorem for a platonic grating.
We apply Graf’s addition theorem to expand the Hankel function in the vicinity of
the origin. Referring to Section 2.5.4 and Abramowitz & Stegun (1965),
H(1)0 (w) =
∞￿
κ=−∞
H(1)κ (u) Jκ(v)e
iκα, (2.76)
where u, v and w are the magnitudes of the vectors u, v and w that form three sides of
a triangle, with α the angle between u and v. An additional constraint is that v < u.
Our triangle is illustrated in Fig. 2.17 and two of its vertices are the positions of rigid
pins at the origin and (nd, 0). The third vertex is (x, y) whose position vector we denote
by r (equivalent to v in formula (2.76)). The pin (nd, 0) has position vector R which
corresponds to u in (2.76). Then w = R− r and |w| = w = ￿(x− nd)2 + y2. Graf’s
addition theorem gives
H(1)0 (β
￿
(x− nd)2 + y2) =
∞￿
κ=−∞
H(1)κ (β nd) Jκ(βr)e
iκ arg(r), (2.77)
for n > 0. Denoting θ = arg(r), we replace eiκθ with eiκθ (−1)κ for n < 0. Considering
the case n = 0 separately, we replace the left hand side of the identity (2.75) with
H(1)0 (βr) +
￿
n ￿=0
∞￿
κ=−∞
H(1)κ (β |n|d) Jκ(βr)eiκ arg(n) eiκθ eiα0 nd, (2.78)
where we have combined the cases of n > 0 and n < 0 using a Heaviside function:
eiκ arg(n) = 1 or − 1κ
respectively. At the origin, all of the Bessel J functions vanish with the exception of
J0 which tends to 1. The lattice sums Sκ(α0,β, d) for the Helmholtz operator have the
definition:
SHκ (α0,β, d) =
￿
n ￿=0
H(1)κ (β |n|d) eiα0 nd eiκ arg(n), (2.79)
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where the superscript H denotes Hankel type lattice sums.
For n < 0, we have eiκπ = (−1)κ, and for n > 1, we have eiκ0 = 1. The lattice
sums can be written in the form
SHκ =
∞￿
n=1
H(1)κ (β nd) e
iα0 nd +
−1￿
n=−∞
H(1)κ (β |n|d) eiα0 nd (−1)κ (2.80)
=
∞￿
n=1
H(1)κ (β nd) e
iα0 nd +
∞￿
n=1
H(1)κ (β nd) e
−iα0 nd (−1)κ (2.81)
=
∞￿
n=1
H(1)κ (β nd){[1 + (−1)κ] cos (α0nd) + i[1− (−1)κ] sin (α0nd)}. (2.82)
We can then split the sums into even and odd parts.
SH2κ(α0,β, d) = 2
∞￿
n=1
H(1)2κ (β nd) cos (α0nd), (2.83)
SH2κ+1(α0,β, d) = 2i
∞￿
n=1
H(1)2κ+1(β nd) sin (α0nd). (2.84)
Nicorovici & McPhedran (1994b) proceed to derive recurrence relations for the lattice
sums SJ and SY using equation (2.75) and the Poisson addition formula. We discuss
grating sums in more detail in Sections 3.1.3 and A.1, but we may express the quasi-
periodic Green’s function for the Helmholtz operator, using (2.78), in the following
form:
GH(x, y;α0,β) =
i
4
￿
H(1)0 (βr) +
∞￿
κ=−∞
SHκ (α0,β, d)Jκ(βr)e
iκθ
￿
. (2.85)
We now consider the lattice sums involving Bessel K functions that arise from the
modified Helmholtz operator:
(∆− β2)GM (x, y;α0,β) + δ(y)
∞￿
n=−∞
δ(x− nd) exp{iα0 nd} = 0. (2.86)
Recalling equation (2.76) for the Hankel function, we would like to expand the term
K0(β
￿
(x− nd)2 + y2) in a similar way. We replace u, v and w with iU , iV and iW ,
and use the relations between H(1)l (iz) and Kl(z), and Jl(iz) and Il(z) i.e.
H(1)0 (iz) =
2
iπ
K0(z),
π
2
il+1H(1)l (iz) = Kl(z),
i−lJl(iz) = Il(z). (2.87)
Equation (2.76) becomes
H(1)0 (iW ) =
∞￿
l=−∞
H(1)l (iU) Jl(iV )e
ilα.
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The substitution of the identities (2.87) yields
2
πi
K0(W ) =
∞￿
l=−∞
2
π
i−(l+1)Kl(U) Il(V ) il eilα,
which simplifies to
K0(W ) =
∞￿
l=−∞
Kl(U)Il(V )e
ilα, (2.88)
an expression with the same structure as the Hankel function expansion (2.76).
The application of Graf’s addition theorem for the Bessel function K0 produces
results consistent with those obtained for the Hankel function. Thus we have
K0(β
￿
(x− nd)2 + y2) =
∞￿
l=−∞
K(1)l (β |n|d) Il(βr)eil arg(n) eilθ, (2.89)
from which we can define the lattice sums for the Bessel K functions as follows
SK2l (α0,β, d) = 2
∞￿
n=1
K2l(β nd) cos (α0nd), (2.90)
SK2l+1(α0,β, d) = 2i
∞￿
n=1
K2l+1(β nd) sin (α0nd). (2.91)
We may then express the quasi-periodic Green’s function for the modified Helmholtz
equation (2.86) in the following way:
GM (x, y;α0,β) =
1
2π
￿
K0(βr) +
∞￿
l=−∞
SKl (α0,β, d)Il(βr)e
ilθ
￿
. (2.92)
The quasi-periodic Green’s function for a grating of periodically spaced rigid pins
is of the form
G(x, y;α0) =
∞￿
n=−∞
g(r− r￿, y) eiα0nd, (2.93)
where r = (x, y) and r￿ = (nd, 0). It solves the equation
(∆2 − β4)G(x, y;α0,β) + δ(y)
∞￿
n=−∞
δ(x− nd) exp{iα0 nd} = 0. (2.94)
We may express G as the diﬀerence of the Green’s function for the Helmholtz part
GH (2.85) and the Green’s function for the modified Helmholtz part GM (2.92), G =
C(GH −GM ), where C is a constant.
Using H(1)0 (z) = J0(z) + iY0(z), we may write
GH(r;α0,β) =
i
4
J0(βr)− 1
4
Y0(βr) +
i
4
￿
l
Jl(βr)e
ilθ SHl (β,α0),
42
and for the limiting case of the radius r tending to zero i.e. rigid pins, only the
neighbourhood of r = 0 is important. We have
GH(r;α0,β) ￿ i4 −
γ
2π
− 1
2π
log
￿
βr
2
￿
+
i
4
SH0 .
For the modified Helmholtz equation, we have
GM (r;α0,β) ￿ − γ2π −
1
2π
log
￿
βr
2
￿
+
1
2π
SK0 .
Combining these representations, we obtain
G(r;α0,β) = − 1
2β2
￿
i
4
+
i
4
SH0 −
1
2π
SK0
￿
. (2.95)
The constant C = −1/2β2 is determined by using more terms in the expansions because
the log terms cancel in equation (2.95). Writing GH , GM in the forms
GH(r;α0,β) =
i
4
J0(βr)− 1
4
Y0(βr) +
i
4
SH0 J0(βr) +O(βr) + ... ,
GM (r;α0,β) =
1
2π
K0(βr) +
1
2π
I0(βr)S
K
0 +O(βr) + ... , (2.96)
we obtain the expansion for GH−GM by implementing the formulae from Abramowitz
& Stegun (1965) for the expansions of the Bessel functions J0, Y0 and modified Bessel
functions I0, K0:
J0(βr) = 1− (βr)
2
4
+O((βr)4), I0(βr) = 1 +
(βr)2
4
+O((βr)4),
Y0(βr) =
2
π
￿
log
￿
βr
2
￿
+ γ
￿￿
1−
￿
βr
2
￿2￿
+
2
π
￿
βr
2
￿2
+O((βr)4),
K0(βr) = −
￿
log
￿
βr
2
￿
+ γ
￿￿
1 +
￿
βr
2
￿2￿
+
￿
βr
2
￿2
+O((βr)4). (2.97)
After some simplification, we obtain
i
4
− i(βr)
2
16
+
1
4π
￿
log
￿
βr
2
￿
+ γ
￿
(βr)2 − (βr)
2
4π
, (2.98)
which may be expressed in the form
i
4
− 1
4π
(log 2− log (βr)− γ + i/4 + 1)(βr)2. (2.99)
The only non-trivial term after the application of the Laplacian operator twice will be
that arising from log(βr). Therefore the crucial term is
Cβ2
4π
r2 log (βr),
where C is the constant to be determined, such that
∆2
￿
Cβ2
4π
r2 log (βr)
￿
→ −δ(r). (2.100)
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Here the Laplacian operator ∆ is defined by
∆ =
∂2
∂r2
+
1
r
∂
∂r
.
Using the fact that the fundamental Green’s function for this Laplacian operator is
− log r/2π, and the observation that
∆
￿
r2 log (βr)
8π
￿
=
log r
2π
+
β + log β
2π
, (2.101)
we determine C from the equation
−Cβ
2
4π
=
1
8π
. (2.102)
i.e. C = −1/2β2, and we obtain equation (2.95).
The spectral form of the Green’s function is
G(x, y;α0,β) =
1
2β2
￿
1
2id
∞￿
n=−∞
1
χn
ei(αnx+χn|y|) +
1
2d
∞￿
n=−∞
1
τn
eiαnx e−τn|y|
￿
, (2.103)
where
αn = α0 +
2πn
d
, (2.104)
χn =
￿￿
β2 − αn2 , αn2 ≤ β2,
i
￿
αn2 − β2 , αn2 > β2, (2.105)
τn =
￿
β2 + α2n. (2.106)
The spatial form (2.95) is used in the Rayleigh method that we adopt to solve the
scattering of a plane wave by a platonic grating stack, whilst the spectral version (2.103)
is implemented when we use a waveguide approach. The spatial form incorporates
cylindrical Bessel functions and grating sums, and the spectral form involves plane
wave representations.
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Chapter 3
Method of solution for a platonic
grating stack
The basic building block of the work described in this chapter is a method for the
solution of the problem for the scattering of plane waves by a grating of circular voids.
This is extended using a recurrence procedure to give the solution for any finite number
of platonic gratings. The results of the recurrence algorithm are reflection and trans-
mission matrices that characterise the filtering of plane waves by the structured sys-
tem. The general method involves deriving multipole expansions and the corresponding
Rayleigh identities. We discussed these techniques for the homogeneous problem for a
doubly periodic square array in Sections 2.5.2 - 2.5.4. There are diﬀerences that arise
because of the introduction of a plane wave incident field, and between the singly and
doubly periodic arrays. We also refer to the book by Movchan et al. (2002), where
the dynamic generalised Rayleigh method for doubly periodic structures is described
in great detail, and we use some of the techniques outlined.
The scattered field solution relies on the fact that we may express the flexural wave
function (i.e. the out-of-plane displacement) in terms of both plane wave expansions
(equations (2.6)-(2.12) in Section 2.2) and multipole expansions composed of cylindrical
harmonics (equations (2.43), (2.44) in Section 2.5.2). The expressions and calculations
are greatly simplified for the special case of rigid pins, which is of particular importance
in the rest of this thesis. We use Rayleigh identities to align the consistency of the mul-
tipole expansions about individual cylinders with the Bloch quasi-periodicity condition
(Section 2.3) used to describe an individual grating. Reconstruction equations are then
derived to convert the multipole coeﬃcients back to plane wave coeﬃcients consistent
with our initial plane wave expansion.
We subsequently developed an alternative approach, where we consider a single
grating of rigid pins as a line of point forces with constant separation d. We use a
quasi-periodic Green’s function G(x, y;α0,β) for the biharmonic operator (2.95),(2.103)
satisfying the equation (2.94). Our general structure consists of a pair of layered stacks
(LS) sandwiching a symmetry-breaking layer (SBL), shown in Fig. 3.1. The identical
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Figure 3.1: Example of a multiple-grating waveguide. The elementary cell is indicated
by the dashed rectangle.
layered stacks contain a finite number of periodic gratings N and act as symmetric
mirrors. Note that with the mirror systems chosen to preserve up-down symmetry,
there is always an odd number of layers. Of course the simplest example is when
N = 1, producing a triplet, which is discussed in detail in Chapter 6, and is briefly
outlined below in Section 3.3.
We study the flexural wave modes existing in these finite stacks of gratings con-
taining zero-radius pins. By solving the associated eigenvalue problem, we group the
modes into even and odd classes, and derive dispersion equations for each. The dis-
persion curves for modes are trajectories along which the eigenvalues are zero, and
these Bloch modes correspond to the transmission resonances that we observe for the
analogous scattering problem. By combining the two methods, we define an eﬃcient
algorithm to design structures for which the EDIT interaction (mentioned in the Intro-
duction and discussed in Section 2.4.5) may be steered over a wide range of frequencies
and angles.
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3.1 Multipole method
The cornerstone of a multipole method is an ingenious field identity, named after Lord
Rayleigh who first employed it in 1892 in a problem involving the Laplace equation, and
lattices of either cylinders or spheres. The Rayleigh identity (discussed in Section 2.5.4
for the doubly periodic square array) relates the regular field in the vicinity of an in-
dividual scatterer to fields radiated by the array’s other scatterers and any external
sources. A key element is the implementation of lattice sums for periodic systems,
whereby the sums account for each point of the array. Here we employ grating sums
rather than the lattice sums used for the two-dimensional array of Section 2.5. Diﬃ-
culties arise through the occurrence of conditionally convergent series over the direct
lattice.
Multipole techniques have been used extensively since the 1970’s in particular for
dynamic problems in electromagnetism and solid mechanics for periodic systems. We
reviewed the problem for a doubly periodic square array of cylindrical voids within
a thin infinite elastic plate in Section 2.5. The spectral problem for the biharmonic
operator was solved in the form of a dispersion equation. Here we adapt those multipole
methods to a scattering problem for the interaction of a plane incident wave with a
finite number of platonic gratings embedded in a thin biharmonic plate.
The basic governing equations are the same as (2.2), (2.41), (2.42) but we repeat
them here for the convenience of the reader. However the presence of an incident
wave leads to important diﬀerences in the method of solution, most notably the use
of reconstruction equations to convert multipole representations to plane wave expan-
sions. General plane wave expansions for both the incident field and the scattered field
were given in Section 2.2, taking into account the distinction between Helmholtz and
modified Helmholtz type waves. We use Bessel and modified Bessel functions to deter-
mine multipole expansions, one for Helmholtz and one for modified Helmholtz type, in
the vicinity of the central cylinder. We substitute the boundary conditions into these
expansions, obtaining identities for the multipole coeﬃcients.
We derive Rayleigh identities to account for the rest of the array, meshing the mul-
tipoles with the periodicity of the grating, via the quasi-periodicity condition (2.14).
This involves using Green’s theorem and Graf’s addition formula (see Sections 2.5.4
and 2.6.1). The Rayleigh identities are uncoupled for Helmholtz and modified Helmholtz
type waves, but the necessary coupling is provided using the boundary conditions. The
result is an inhomogeneous algebraic system which is truncated and solved to find the
unknown multipole coeﬃcients. Once these have been established, we derive recon-
struction equations in Section 3.1.4 to transform these coeﬃcients back to plane wave
coeﬃcients which are used to derive the scattering matrices we seek.
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3.1.1 Governing equations
The governing equations and accompanying explanations were presented by Movchan
et al. (2009) and Haslinger et al. (2012). We repeat them here for the convenience
of the reader. The flexural displacement w(x; t) = W (x) exp(iωt) is considered to
be time-harmonic of radian frequency ω, and its amplitude W satisfies the following
equation
∆2W (x)− β4W (x) = 0, (3.1)
with β2 = ω
￿
ρh/D. We also note that the flexural rigidity of the plate is denoted
by D = Eh3/(12(1− ν2)), where h stands for the thickness of the plate, ρ is the mass
density, E is the Young modulus and ν is the Poisson ratio.
The solution of equation (3.1) can be divided into two parts WH and WM (see
equation (2.41)), which satisfy the Helmholtz equation and its counterpart form the
modified Helmholtz equation:
(∆+ β2)WH = 0 and (∆− β2)WM = 0. (3.2)
Hence
W (x) =WH(x) +WM (x), (3.3)
with WH containing both propagating and evanescent waves, and WM consisting en-
tirely of evanescent waves. For each rigid inclusion, the boundary conditions are
W
￿￿￿￿￿
r=a
= 0,
∂W
∂r
￿￿￿￿￿
r=a
= 0, (3.4)
where r represents the distance from the centre of the inclusion. Physically the above
boundary conditions represent clamping on the rigid boundary. In particular, when the
radius a tends to zero we retrieve the case of fixed pins discussed by Evans & Porter
(2007), Movchan et al. (2009) and Haslinger et al. (2012).
A plane incident wave is propagating towards the grating in the upper half-plane.
We need to consider two cases, the first dealing with an incident wave of the Helmholtz
type, with amplitude AH :
Wi,H(x) =
AH￿|χ0| exp{i(α0x− χ0y)}, (3.5)
where α20 + χ
2
0 = β
2 and α0 is the Bloch parameter, α0 = β sin θi, with θi being the
angle of incidence (see Fig. 2.1). The second case treats an incident wave of modified
Helmholtz type, with amplitude AM :
Wi,M (x) =
AM￿|χˆ0| exp{i(α0x− χˆ0y)}, (3.6)
where this wave is always evanescent so that α20 + χˆ
2
0 = −β2, χˆ0 = iτ0, τ0 > 0.
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The periodicity of the structure in the horizontal direction and the parameters of
the incident wave are represented by the quasi-periodicity condition for W along the
horizontal axis (see Section 2.3):
W (x+ pde(1)) =W (x)eiα0pd, (3.7)
where p is an integer and d is the period.
3.1.2 Multipoles
We now sketch the method used to treat the scattering of the plane incident waves,
either of the Helmholtz type (3.5) or of the modified Helmholtz type (3.6), by a grating
of inclusions of radius a. The flexural displacement W can be expanded for y > a and
y < −a in terms of sums of plane waves (WH) and modified plane waves (WM ). Above
the grating the expansion has a down-going incident wave term and up-going reflected
waves with amplitudes Rp and Rˆp, for the respective wave types. Below the grating
the amplitudes of the down-going transmitted waves are denoted by Tp and Tˆp (see
Fig. 2.2). The plane wave expansions are given by (2.9)-(2.12) in Section 2.2.
In order to connect the two types of expansions we introduce multipole expressions
for W in the region −a ≤ y ≤ a. The multipole expansion for WH involves cylindrical
waves Jn(βr)einθ and H
(1)
n (βr)einθ with respective amplitudes An and En:
WH(x) =
∞￿
n=−∞
{AnJn(βr) + EnH(1)n (βr)}einθ. (3.8)
The multipole expansion for WM involves modified Bessel function terms In(βr)einθ
and Kn(βr)einθ with respective amplitudes Bn and Fn:
WM (x) =
∞￿
n=−∞
{BnIn(βr) + FnKn(βr)}einθ. (3.9)
The amplitudes An, Bn, En, Fn are the multipole coeﬃcients to be determined, and
they are related by the boundary conditions (3.4):
AnJn(βa) + EnH
(1)
n (βa) +BnIn(βa) + FnKn(βa) = 0, (3.10)
AnJ
￿
n(βa) + EnH
(1)￿
n (βa) +BnI
￿
n(βa) + FnK
￿
n(βa) = 0. (3.11)
The Bessel function expansions from Abramowitz & Stegun (1965) will be needed for
the incident fields of both the Helmholtz type:
Wi,H(r cos θ, r sin θ) =
AH￿|χ0|
∞￿
l=−∞
Jl(βr)e
ilθil
￿α0 + iχ0
β
￿l
, (3.12)
with χ0 real and positive for a propagating wave, and χ0 pure imaginary with positive
imaginary part for an evanescent wave, and the modified Helmholtz type:
Wi,M (r cos θ, r sin θ) =
AM￿|χˆ0|
∞￿
l=−∞
Il(βr)e
ilθil
￿α0 + iχˆ0
β
￿l
, (3.13)
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with χˆ0 being imaginary with positive imaginary part. Here we have used formula
9.1.41 from Abramowitz & Stegun (1965):
e
1
2βr(t−1/t) =
∞￿
l=−∞
Jl(βr)t
l, t ￿= 0. (3.14)
For the incident field (3.5), we set
i(α0x− χ0y) = 1
2
βr(t− 1/t) ⇐⇒ 2i
β
(α0 cos θ − χ0 sin θ) = t
2 − 1
t
,
where we have used x = r cos θ and y = r sin θ. Thus,
t2 − 2i
β
(α0 cos θ − χ0 sin θ)t− 1 = 0,
and using equation (2.23) for p = 0, we obtain
t∓ =
1
β
[iα0(cos θ ± i sin θ)− χ0(± cos θ + i sin θ)]. (3.15)
It follows that
t− =
1
β
[eiθ(iα0 − χ0)] ⇐⇒ t− = eiθi
￿
α0 + iχ0
β
￿
, (3.16)
which explains how we obtain (3.12) from (3.14). The expression (3.13) is obtained
similarly.
As in Section 2.5.2, the above series expansions for W (3.8), (3.9) converge only
in the region between the central cylinder (i.e. when x = 0) and the circle touching
its two nearest neighbours (see Fig. 2.14 although the periodicity in our problem is in
the horizontal direction only). Therefore the annulus of convergence may be described
using the inequality
a ≤ r ≤ (d− a).
Provided that a ≤ d(1 − 1/√2), the expansion covers the entire unit cell shown in
Fig. 3.2. We also mention here that the derivation of the Rayleigh identity requires
only that there exists a circle between the boundaries of the cylinder and the unit cell
i.e. r < d/2 (Movchan et al. 2007). Of course as r increases towards d/2, the number of
multipole terms required in the series (3.8) and (3.9), for an accurate solution, increases.
3.1.3 Rayleigh identities
The next step is to write down the Rayleigh identity, which expresses the part of the
expansion for W which is regular near the origin (i.e. the terms involving the Bessel
functions Jn and In) as sums over the part which is irregular near the origin (i.e. the
terms involving H(1)n and Kn), together with a term representing the expansion of the
incident wave in multipoles. While we refer to Section 2.5.4 and Movchan et al. (2007),
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here the Rayleigh equations are written with the use of the appropriate grating lattice
sums in place of the doubly periodic array lattice sums. For a single periodic grating,
the wave satisfies the Bloch-Floquet condition (3.7) along the grating, and the eﬀect
of interaction between the inclusions within the grating is represented via the grating
sums.
The grating sums used in this thesis are denoted by S(K,G)l−n and S
(H,G)
l−n , and consist
of K-type modified Bessel functions and Hankel functions. The superscript G is used to
denote that these are grating sums rather than those for the two-dimensional case. We
defined them in Section 2.6.1, equations (2.83), (2.84) and equations (2.90), (2.91), and
Movchan et al. (2009) expressed them in the same form. For convenience, we repeat
them here. The sums over even and odd integers are expressed separately;
S(K,G)2l (β,α0) = 2
∞￿
p=1
K2l(βp) cos(α0p), (3.17)
S(K,G)2l+1 (β,α0) = 2i
∞￿
p=1
K2l+1(βp) sin(α0p), (3.18)
are the K-type sums. These are evaluated by direct summation, since they are expo-
nentially convergent. Note that l can be positive or negative which is consistent with
the structure of the gratings sums featured in the Rayleigh system below (3.26) and
(3.27). The grating sums over Hankel functions are of the form:
S(H,G)2l (β,α0) = 2
∞￿
p=1
H(1)2l (βp) cos(α0p), (3.19)
S(H,G)2l+1 (β,α0) = 2i
∞￿
p=1
H(1)2l+1(βp) sin(α0p). (3.20)
As Movchan et al. (2009) mentioned, these sums are not exponentially convergent but
are oscillatory, and would require an excessive number of terms to observe convergence.
We use accelerated convergence formulae based on those derived by Twersky (1961)
for the Schlo¨mich series:
Hn =
∞￿
p=1
Hn(pβ) [exp{ipβ sin θi}(−1)n + exp{−ipβ sin θi}], (3.21)
where β sin θi = α0 in our formulation. In Appendix A.1, we outline the convergence
formulae and explain, with the aid of illustrative examples, the necessity for their use.
The Bessel function expansions for the central cylinder x = 0 are related to similar
expansions in the vicinity of any other cylinder x = pd in the periodic grating, by the
Bloch factor, where d is the period of the grating. We derive two types of consistency
relations between the local expansions in the vicinity of a general inclusion, and the
inclusion in the central cell with boundary C0 in Fig. 3.2. One describes Helmholtz
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Figure 3.2: The unit cell Ω containing a circular scatterer. The boundary ∂Ω is the
union of its constituent parts: ∂Ω = Γ+ ∪ Γ− ∪ Γl ∪ Γr ∪ C0. We also indicate the
unit outward normals n for each part of the boundary.
type waves, and the other accounts for modified Helmholtz type waves. These Rayleigh
identities are derived in the standard way using Green’s theorem and Graf’s addition
formula (see Movchan et al. (2002), Botten et al. (2003), Movchan et al. (2007),
Movchan et al. (2009) and Haslinger et al. (2012)).
The Green’s function G that we outlined in Section 2.6.1 (see equations (2.95)-
(2.103)) obeys the same quasi-periodicity condition as the displacement fields WH and
WM , so it automatically satisfies (3.7), and a conjugate condition on its second variable:
G(r+ pde(1); r￿) = G(r; r￿) eiα0pd,
G(r; r￿ + pde(1)) = G(r; r￿) e−iα0pd. (3.22)
This quasi-periodic Green’s function is a sum of an infinite set of outgoing waves which
emanate from each point of the grating. To derive the Rayleigh identities, we apply
Green’s theorem within the unit cell (see Fig. 3.2), in the region Ω, to the two Bessel
function expansions W and G, where W is either WH or WM :￿
Ω
(W∆2G−G∆2W )dx =
￿
∂Ω
￿
∆W
∂G
∂n
−G ∂
∂n
(∆W ) +W
∂
∂n
(∆G)−∆G∂W
∂n
￿
ds.
(3.23)
For the two vertical parts of the boundary Γl and Γr, the Bloch quasi-periodicity
condition leads to cancellation, since the outward normals have opposite directions. For
the top and bottom sides of the boundary Γ+ and Γ− respectively, we use the plane
wave expansions for the incident waves, and on the interior boundary C0, we substitute
the Bessel function expansion for W , and expand the Green’s function in coordinates
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centred on the origin. Once these integrals have been determined, we can evaluate
expressions for the coeﬃcients linking the representations for the displacement fieldW .
The connection between the two sets of coeﬃcients An, Bn and En, Fn is given by
the equations:
Bn =
∞￿
l=−∞
(−1)lS(K, G)l−n (β,α0)Fl +
AM￿|χˆ0| in
￿α0 + iχˆ0
β
￿n
, (3.24)
An =
∞￿
l=−∞
(−1)l−nS(H, G)l−n (β,α0)El +
AH￿|χ0| in
￿α0 + iχ0
β
￿n
, (3.25)
where the grating sums S(K, G)l−n and S
(H, G)
l−n are defined by equations (3.17) to (3.20).
The sums are run over all cylinders in the grating apart from that at the origin, tak-
ing into account the phase diﬀerences between the multipole coeﬃcients in diﬀerent
cylinders (see the quasi-periodicity condition (3.7)) and are re-expressed using the Graf
addition theorem for Bessel functions (see Section 2.6.1 and Fig. 2.17). Various methods
exist for evaluating them accurately (see Section A.1 where we discuss grating sums in
greater detail, explaining how increased radius leads to more complexity in evaluating
the higher-order sums).
The Rayleigh identities (3.24), (3.25) correspond respectively to the modified Helmholtz
and Helmholtz equations. They are coupled by the boundary conditions (3.10), (3.11).
The result is an inhomogeneous system of algebraic equations in the multipole coeﬃ-
cients El, Fl:
∞￿
l=−∞
￿
(−1)l−nS(H,G)l−n (β,α0)Jn(βa) + δlnH(1)n (βa)
￿
El
+
∞￿
l=−∞
￿
(−1)lS(K,G)l−n (β,α0)In(βa) + δlnKn(βa)
￿
Fl
= −
￿ inAM￿|χˆ0|
￿α0 + iχˆ0
β
￿n￿
In(βa)−
￿ inAH￿|χ0|
￿α0 + iχ0
β
￿n￿
Jn(βa), (3.26)
∞￿
l=−∞
￿
(−1)l−nS(H,G)l−n (β,α0)J ￿n(βa) + δln(H(1)n )￿(βa)
￿
El
+
∞￿
l=−∞
￿
(−1)lS(K,G)l−n (β,α0)I ￿n(βa) + δlnK ￿n(βa)
￿
Fl
= −
￿ inAM￿|χˆ0|
￿α0 + iχˆ0
β
￿n￿
I ￿n(βa)−
￿ inAH￿|χ0|
￿α0 + iχ0
β
￿n￿
J ￿n(βa). (3.27)
This is known as the Rayleigh system for the problem, and is truncated and solved to
evaluate a set of multipole coeﬃcients.
We assume that the order of truncation L for the Rayleigh system (3.26), (3.27) is
chosen according to the radius of the void. As mentioned in Section 2.5.4, Poulton et
al. (2010) provide tables for selecting the number of multipoles to achieve converged
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frequencies for a doubly periodic square array consisting of perforations with non-zero
radii. These tables, which link the radius of the hole to the number of necessary multi-
poles, are applicable to the stacks of gratings studied here. We provide a convergence
table for a platonic triplet in Chapter 5. The multipole summation runs from −L to L
(2L + 1 terms). The accuracy of the solution to the system depends on the precision
with which we evaluate the incorporated grating sums. In the doubly periodic array,
Movchan et al. (2007) recommended calculating the lattice sums over orders in the
range −2L to 2L (4L+ 2 terms), and we adopt the same strategy here.
3.1.4 Reconstruction equations
The multipole coeﬃcients are used to evaluate plane wave amplitude coeﬃcients for the
fields above and below the grating, using reconstruction equations, originally derived
by Movchan et al. (2009). The reconstruction equations are derived using the Rayleigh
identities and Green’s formula on the elementary cell in Fig. 3.2. Green’s theorem (3.23)
is applied to a test function Vm,H or Vm,M and the part of the total field corresponding
to either the Helmholtz WH or modified Helmholtz equation WM . We begin with the
Helmholtz part of the field, defining the test function as
Vm,H =
1￿|µm| exp{−i(αmx− µmy)}, (3.28)
where m is an integer, and α2m + µ
2
m = β
2 as in equation (2.23). This is defined to
have the opposite quasi-periodicity property (3.7) in the horizontal direction to the
Helmholtz part of the total field (3.3). Thus, when we apply Green’s theorem (3.23)
to a rectangular cell with width d equal to the grating’s period, and an arbitrary finite
vertical length in the y-direction (Fig. 3.2), the rectangle’s vertical sides Γl and Γr do
not contribute to the Helmholtz part of the line integral:￿
∂Ω
￿
Vm,H
∂WH
∂n
−WH ∂Vm,H∂n
￿
dS = 0.
For the integrals I+, I− on Γ+ and Γ− respectively, we obtain
I+ =
−iAHd(χ0 + µ0)δm0￿|χ0|￿|µ0| ei(µ0−χ0)y + iRm(χm − µm)d￿|χm|￿|µm| ei(µm+χm)y, (3.29)
and
I− =
iTm(χm + µm)d￿|χm|￿|µm| ei(µm−χm)y. (3.30)
For the integral on C0 we need to obtain the Bessel function expansions for the test
function (3.28) using equation (3.14). Since this test function’s exponent is of opposite
sign to that of (3.5), it follows that
tV∓ =
1
β
[−iαm(cos θ ∓ i sin θ) + µm(i sin θ ∓ cos θ)]. (3.31)
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Then
tV− = e
−iθi
￿−αm + iµm
β
￿
, (3.32)
and the Bessel function expansion of the test function Vm,H is
Vm,H(x) =
1￿|µm|
∞￿
l=−∞
Jl(βr)e
−ilθ
￿−µm − iαm
β
￿l
. (3.33)
For the integral on C0, we require the derivatives
∂Vm,H
∂r
=
1￿|µm|
∞￿
l=−∞
βJ ￿l (βr)e
−ilθ
￿−µm − iαm
β
￿l
, (3.34)
and, from (3.8),
∂WH
∂r
=
∞￿
n=−∞
[βAnJ
￿
n(βr) + βEn(H
(1)
n )
￿(βr)]einθ. (3.35)
We substitute these into￿
C0
￿
−Vm,H ∂WH∂r +WH
∂Vm,H
∂n
￿
rdθ
￿￿￿￿
r=a
= IC0 , (3.36)
obtaining￿ 2π
θ=0
￿ ∞￿
l=−∞
∞￿
n=−∞
βa￿|µm|
￿
−EnJl(βa)(H(1)n )￿(βa) + EnJ ￿l (βa)H(1)n (βa)
￿
×
×
￿−µm − iαm
β
￿l
e−ilθeinθ
￿
dθ, (3.37)
where the An terms have cancelled. Using the fact that￿ 2π
θ=0
e−ilθeinθdθ = 2πδln,
we obtain
IC0 =
∞￿
l=−∞
βa￿|µm|
￿
−ElJl(βa)(H(1)l )￿(βa) + ElJ ￿l (βa)H(1)l (βa)
￿￿−µm − iαm
β
￿l
2π.
(3.38)
Using the Wronskian formula 9.1.16 from Abramowitz & Stegun (1965)
Jl(βa)(H
(1)
l )
￿(βa)−H(1)l (βa)J ￿l (βa) =
2i
βπa
, (3.39)
(3.38) simplifies to
IC0 =
∞￿
l=−∞
− 4iEl￿|µm|
￿−µm − iαm
β
￿l
= − 4i￿|µm|
∞￿
l=−∞
El(−1)l
￿
µm + iαm
β
￿l
.
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Combining these integrals on Γ+, Γ− and C0,
−iAHd(χ0 + µ0)δm0￿|χ0|￿|µ0| ei(µ0−χ0)y + iRm(χm − µm)d￿|χm|￿|µm| ei(µm+χm)y
+
iTm(χm + µm)d￿|χm|￿|µm| ei(µm−χm)y − 4i￿|µm|
∞￿
l=−∞
El(−1)l
￿
µm + iαm
β
￿l
= 0. (3.40)
For µm = −χm, this simplifies to
0 +
2iRmχmd￿|χm|￿|χm| + 0− 4i￿|χm|
∞￿
l=−∞
El(−1)l
￿−χm + iαm
β
￿l
= 0,
⇐⇒ Rm = 2
￿|χm|
χmd
∞￿
l=−∞
El(−1)l
￿−χm + iαm
β
￿l
. (3.41)
For µm = χm, we have
−2iAHdχ0δm0￿|χ0|￿|χ0| + 0 + 2iTmχmd￿|χm|￿|χm| − 4i￿|χm|
∞￿
l=−∞
El(−1)l
￿
χm + iαm
β
￿l
= 0,
⇐⇒ Tm = 2
￿|χm|
χmd
∞￿
l=−∞
El(−1)l
￿χm + iαm
β
￿l
+AHδm0. (3.42)
The reconstruction equations for the reflection and transmission coeﬃcients Rˆp and
Tˆp of the modified Helmholtz equation are derived in a similar fashion by applying
Green’s theorem to Vp,M and WM , and take the form
Rˆp =
π
d
￿|χˆp|
∞￿
l=−∞
Fl(−1)l (−χˆp + iαp)
l
βl
, (3.43)
Tˆp =
π
d
￿|χˆp|
∞￿
l=−∞
Fl(−1)l (χˆp + iαp)
l
βl
+AMδp0. (3.44)
The amplitudes of the reflected and transmitted waves are determined for the set of
incident fields corresponding to a range of grating orders, both propagating and evanes-
cent. These are assembled into scattering matrices for reflection and transmission that
completely characterise the grating’s scattering action.
3.1.5 Conservation of energy
We consider the conservation of energy for the scattering of flexural waves by a single
grating. The relations we derive in this section are applicable to scatterers of any
smooth shape, and encompass both propagating and evanescent incident waves, as
well as both types of reflected and transmitted waves. The conservation of energy is
dependent on structure rather than convergence, and is therefore independent of the
number of terms in the expansions.
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We use the following integral identity:
￿
Ω
(u∆2v − v∆2u)dx =
￿
∂Ω
￿
∆u
∂v
∂n
− v ∂
∂n
(∆u) + u
∂
∂n
(∆v)−∆v ∂u
∂n
￿
ds, (3.45)
where u and v are two solutions of a problem of time-harmonic flexural vibrations of a
thin elastic plate.
This Green’s formula is applied to the fundamental cell of a single grating of scat-
terers shown in Fig. 3.2. As for the derivation of the reconstruction equations in
Section 3.1.4, we assume that u and v are chosen in such a way that they have opposite
quasi-periodicity factors. Therefore the contributions from Γl and Γr cancel out. Re-
calling the boundary conditions (3.4), we also assume that u and v satisfy them, and
therefore the boundary integral along C0 is zero. These assumptions reduce (3.45) to
the simpler form:
￿￿
Γ+, Γ−
￿
vH
∂uH
∂n
− uH ∂vH∂n + uM
∂vM
∂n
− vM ∂uM∂n
￿
ds = 0, (3.46)
where Helmholtz and modified Helmholtz terms are denoted by the subscripts H and
M respectively. We apply this equation to our total field (3.3) u = WH +WM , and its
complex conjugate v =WH +WM , such that on Γ+:
uH =Wi,H +W
R
s,H , uM =Wi,M +W
R
s,M , (3.47)
and
vH =W i,H +W
R
s,H , vM =W i,M +W
R
s,M . (3.48)
On Γ−, we have similar expressions which consist only of transmitted waves, rather
than incident and reflected fields:
uH =W
T
s,H , uM =W
T
s,M , (3.49)
and
vH =W
T
s,H , vM =W
T
s,M . (3.50)
Upper boundary Γ+
We concentrate on the upper segment Γ+ first. Using our plane wave expansions from
Section 2.2, we have the following representations:
uH =
￿
p
δp￿|χp| exp{i(αpx− χpy)}+
￿
p
Rp￿|χp| exp{i(αpx+ χpy)},
uM =
￿
p
δˆp￿|χˆp| exp{i(αpx− χˆpy)}+
￿
p
Rˆp￿|χˆp| exp{i(αpx+ χˆpy)},
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vH =
￿
p
δp￿|χp| exp{−i(αpx− χpy)}+
￿
p
Rp￿|χp| exp{−i(αpx+ χpy)},
vM =
￿
p
δˆp￿|χˆp| exp{−i(αpx− χˆpy)}+
￿
p
Rˆp￿|χˆp| exp{−i(αpx+ χˆpy)}, (3.51)
where δp and δˆp are incident wave amplitudes of propagating and evanescent type
respectively, and Rp and Rˆp are the coeﬃcients for Helmholtz and modified Helmholtz
type reflected waves. Since δp and δˆp are real, their complex conjugates do not change.
For Γ+ (see Fig. 3.2), we diﬀerentiate with respect to the unit outward normal i.e.
∂/∂n = ∂/∂y. Hence we require the following partial derivatives:
∂uH
∂n
=
￿
p
δp￿|χp|(−iχp) exp{i(αpx− χpy)}+
￿
p
Rp￿|χp|(iχp) exp{i(αpx+ χpy)},
∂vH
∂n
=
￿
p
δp￿|χp|(iχp) exp{−i(αpx− χpy)}+
￿
p
Rp￿|χp|(−iχp) exp{−i(αpx+ χpy)},
∂uM
∂n
=
￿
p
δˆp￿|χˆp|(−iχˆp) exp{i(αpx− χˆpy)}+
￿
p
Rˆp￿|χˆp|(iχˆp) exp{i(αpx+ χˆpy)},
∂vM
∂n
=
￿
p
δˆp￿|χˆp|(iχˆp) exp{−i(αpx− χˆpy)}+
￿
p
Rˆp￿|χˆp|(−iχˆp) exp{−i(αpx+ χˆpy)}.
(3.52)
On Γ+, y = ηd/2 and x ∈ [0, d]. We substitute these values into (3.46), along with
the derivatives (3.52), beginning with the first half of the integral. Thus,￿ d
0
￿
vH
∂uH
∂n
− uH ∂vH∂n
￿
dx = d
￿
p
￿ |Rp|2
|χp| i(χp + χp) exp{
iηd
2
(χp − χp)}
+
Rpδp
|χp| (−i)(χp − χp) exp{−
iηd
2
(χp + χp)}+
Rpδp
|χp| i(χp − χp) exp{
iηd
2
(χp + χp)}
+
δ2p
|χp|(−i)(χp + χp) exp{−
iηd
2
(χp − χp)}
￿
, (3.53)
where we have used the identity￿ d
0
exp{i(αp − αq)x}dx = dδpq, (3.54)
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where δpq is the Kronecker delta. We now apply some conjugacy rules for the the sets
of propagating and evanescent orders of Helmholtz type, ΩH and ΩeH . For
p ∈ ΩH , χp = χp > 0;
p ∈ ΩeH , χp = −χp = −i|χp|. (3.55)
These relations allow us to aﬀect some cancellations and simplification in (3.53) which
leads to:
d
￿
p∈ΩH
￿
2i|Rp|2 − 2iδ2p
￿
+ d
￿
p∈ΩeH
￿
Rpδp
|χp| (−i)(i|χp|+ i|χp|) +
Rpδp
|χp| i(i|χp|+ i|χp|)
￿
.
(3.56)
Thus,￿
Γ+
￿
vH
∂uH
∂n
−uH ∂vH∂n
￿
dx = 2d
￿
i
￿
p∈ΩH
￿
|Rp|2−δ2p
￿
+
￿
p∈ΩeH
￿
Rpδp−Rpδp
￿￿
. (3.57)
For the other half of (3.46) to be evaluated on Γ+ with y = ηd/2 and x ∈ [0, d], we
have
uM
∂vM
∂n
− vM ∂uM∂n (3.58)
where ∂/∂n = ∂/∂y. Thus,
￿￿
p
δˆp￿|χˆp| exp{i(αpx− χˆpηd/2)}+
￿
p
Rˆp￿|χˆp| exp{i(αpx+ χˆpηd/2)}
￿
×
×
￿￿
q
δˆq￿|χˆq|(iχˆq) exp{−i(αqx−χˆqηd/2)}+
￿
q
Rˆq￿|χˆq|(−iχˆq) exp{−i(αqx+χˆqηd/2)}
￿
−
￿￿
p
δˆp￿|χˆp| exp{−i(αpx− χˆpηd/2)}+
￿
p
Rˆp￿|χˆp| exp{−i(αpx+ χˆpηd/2)}
￿
×
×
￿￿
q
δˆq￿|χˆq|(−iχˆq) exp{i(αqx− χˆqηd/2)}+
￿
q
Rˆq￿|χˆq|(iχˆq) exp{i(αqx+ χˆqηd/2)}
￿
.
We apply (3.54) and obtain￿ d
0
￿
uM
∂vM
∂n
− vM ∂uM∂n
￿
dx = d
￿
p
￿ |Rˆp|2
|χˆp| (−i)(χˆp + χˆp) exp{
iηd
2
(χˆp − χˆp)}+
+
Rˆpδˆp
|χˆp| (i)(χˆp − χˆp) exp{
iηd
2
(χˆp + χˆp)}+
(δˆp)2
|χˆp| (i)(χˆp + χˆp) exp{−
iηd
2
(χˆp − χˆp)}
+
Rˆpδˆp
|χˆp| (−i)(χˆp − χˆp) exp{−
iηd
2
(χˆp + χˆp)}
￿
. (3.59)
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Recalling our definition for evanescent waves of modified Helmholtz type (3.6), we
note that χˆp = i|χˆp|. By taking the complex conjugate of both sides, we obtain
χˆp = −i|χˆp| = −χˆp, (3.60)
which can be used to simplify our expression (3.59). The first and third terms cancel,
whilst in the second and fourth terms, the exponents vanish and the diﬀerence in χˆp
and χˆp is equivalent to −2i|χˆp|. Thus,￿ d
0
￿
uM
∂vM
∂n
− vM ∂uM∂n
￿
dx = 2d
￿
p
δˆp(Rˆp − Rˆp). (3.61)
Combining our two halves of the integral (3.46) for Γ+, we obtain:￿￿
Γ+
￿
vH
∂uH
∂n
− uH ∂vH∂n + uM
∂vM
∂n
− vM ∂uM∂n
￿
dx
= 2d
￿
i
￿
p∈ΩH
￿
|Rp|2 − δ2p
￿
+
￿
p∈ΩeH
￿
Rpδp −Rpδp
￿
−
￿
p∈ΩM
￿
Rˆpδˆp − Rˆpδˆp
￿￿
, (3.62)
where we use δp to denote the amplitude of the Helmholtz type incident wave, and δˆp
to represent the amplitude of the incident wave of modified Helmholtz type. Note that
the Γ+ segment accounts for incident and reflected waves only.
Lower boundary Γ−
We now evaluate (3.46) on Γ− to determine the energy associated with the transmitted
waves (3.50):
uH =W
T
s,H =
￿
p
Tp￿|χp| exp{i(αpx− χpy)},
uM =W
T
s,M =
￿
p
Tˆp￿|χˆp| exp{i(αpx− χˆpy)},
vH =W
T
s,H =
￿
p
T p￿|χp| exp{−i(αpx− χpy)},
vM =W
T
s,M =
￿
p
Tˆ p￿|χˆp| exp{−i(αpx− χˆpy)}. (3.63)
Referring to Fig. 3.2, we diﬀerentiate with respect to the direction of the unit outward
normal to Γ−. Therefore the partial derivatives we require are:
∂uH
∂n
= −
￿
p
Tp￿|χp|(−iχp) exp{i(αpx− χpy)},
∂vH
∂n
= −
￿
p
T p￿|χp|(iχp) exp{−i(αpx− χpy)},
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∂uM
∂n
= −
￿
p
Tˆp￿|χˆp|(−iχˆp) exp{i(αpx− χˆpy)},
∂vM
∂n
= −
￿
p
Tˆ p￿|χˆp|(iχˆp) exp{−i(αpx− χˆpy)}. (3.64)
For clarity, we again split the integral for Γ− into two parts, beginning with￿ d
0
￿
vH
∂uH
∂n
− uH ∂vH∂n
￿
dx =
￿ d
0
￿
uH
∂vH
∂y
− vH ∂uH∂y
￿
dx,
owing to the the sign of the derivatives in (3.64). Thus, remembering that y = −ηd/2
on Γ−,￿ d
0
￿￿￿
p
Tp￿|χp| exp{i(αpx+ χpηd/2)}
￿￿￿
q
T q￿|χq|(iχq) exp{−i(αqx+ χqηd/2)}
￿
−
￿￿
p
T p￿|χp| exp{−i(αpx+χpηd/2)}
￿￿￿
q
Tq￿|χq|(−iχq) exp{i(αqx+χpηd/2)}
￿￿
dx
= d
￿
p
￿
TpT p
|χp| (iχp) exp{
iηd
2
(χp − χp)}+
T pTp
|χp| (iχp) exp{
iηd
2
(χp − χp)}
￿
, (3.65)
once again using the identity (3.54). This expression can be simplified further:￿ d
0
￿
vH
∂uH
∂n
− uH ∂vH∂n
￿
dx = d
￿
p
|Tp|2
|χp| i(χp + χp) exp{
iηd
2
(χp − χp)}.
By considering the relationship between χp and χp, we can reduce this expression
to cover sets of propagating and evanescent Helmholtz type waves. For p ∈ ΩH ,
χp = χp > 0. Therefore the exponent vanishes for propagating Helmholtz waves,
and the remaining χp terms cancel. For p ∈ ΩeH , χp = −χp. Thus, in this evanescent
case, the term (χp+χp) vanishes and there are no transmission energy terms in the set
ΩeH . We therefore deduce￿ d
0
￿
vH
∂uH
∂n
− uH ∂vH∂n
￿
dx = 2di
￿
p∈ΩH
|Tp|2 (3.66)
on Γ−. For the other part of the integral on Γ−, we evaluate￿ d
0
￿
uM
∂vM
∂n
− vM ∂uM∂n
￿
dx =
￿ d
0
￿
vM
∂uM
∂y
− uM ∂vM∂y
￿
dx.
We employ the identity (3.54) as in the previous calculations, obtaining the result
d
￿
p
￿
TˆpTˆ p
|χˆp| (−iχˆp) exp{
iηd
2
(χˆp − χˆp)}−
TˆpTˆ p
|χˆp| (iχˆp) exp{
iηd
2
(χˆp − χˆp)}
￿
. (3.67)
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Factorising this expression produces a sum comprising terms of products where one of
the factors is (χˆp−χˆp). Recalling (3.60), we note that this factor vanishes and therefore
the sum in (3.67) also vanishes. There are no modified Helmholtz type transmitted
waves which contribute to our energy calculations. The total contribution for Γ− to
the integral (3.46) is￿￿
Γ−
￿
vH
∂uH
∂n
− uH ∂vH∂n + uM
∂vM
∂n
− vM ∂uM∂n
￿
dx = 2di
￿
p∈ΩH
|Tp|2. (3.68)
Conservation of energy
Having completed our calculations for both Γ+and Γ−, we combine the results:￿￿
Γ+, Γ−
￿
vH
∂uH
∂n
− uH ∂vH∂n + uM
∂vM
∂n
− vM ∂uM∂n
￿
ds = 2di
￿
p∈ΩH
|Tp|2
+2d
￿
i
￿
p∈ΩH
￿
|Rp|2 − δ2p
￿
+
￿
p∈ΩeH
￿
Rpδp −Rpδp
￿
−
￿
p∈ΩM
￿
Rˆpδˆp − Rˆpδˆp
￿￿
.
Recalling that the simplified integral identity (3.46) we started with vanishes, we are
able to deduce an expression which describes the conservation of energy for a single
grating. Setting the above equation equal to zero, we rearrange the terms to produce
a convenient form for the energy relations. This involves cancelling the constant d (the
period of the grating), and some manipulation of i:￿
p∈ΩH
￿
|Rp|2+|Tp|2
￿
=
￿
p∈ΩH
δ2p+i
￿
p∈ΩeH
￿
Rpδp−Rpδp
￿
−i
￿
p∈ΩeM
￿
Rˆpδˆp−Rˆpδˆp
￿
. (3.69)
We define ΩH to represent the set of propagating orders of Helmholtz type. The
sets ΩeH and Ω
e
M contain evanescent waves, of Helmholtz and modified Helmholtz type
respectively. The set ΩeM comprises all integers p since all modified Helmholtz waves
that satisfy the Sommerfeld radiation condition are evanescent (see Section 2.4.1).
3.1.6 Zero-radius limit: rigid pins
In the limiting case of the radii of the circular voids tending to zero, it may be shown
that the multipole coeﬃcients in the algebraic system (3.26), (3.27) are all equal to
zero, with the exception of the case n = 0. This monopole case is valid to leading order
approximation for small a, and the leading multipole coeﬃcients E0 and F0 satisfy two
equations:￿
S(H,G)0 (β,α0) J0(βa) + H
(1)
0 (βa)
￿
E0 +
￿
S(K,G)0 (β,α0) I0(βa) + K0(βa)
￿
F0
= − AM￿|χˆ0| I0(βa) − AH￿|χ0| J0(βa) (3.70)
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and￿
S(H,G)0 (β,α0) J
￿
0(βa) + H
(1)￿
0 (βa)
￿
E0 +
￿
S(K,G)0 (β,α0) I
￿
0(βa) + K
￿
0(βa)
￿
F0
= − AM￿|χˆ0| I ￿0(βa) − AH￿|χ0| J ￿0(βa). (3.71)
For the higher order coeﬃcients the accompanying terms vanish, cancel or are of suf-
ficiently small order to be discounted for the monopole solution that fully satisfies the
boundary conditions and Rayleigh system.
Referring to Abramowitz & Stegun (1965), we are able to simplify equations (3.70), (3.71)
for βa → 0. The Bessel function J0 is bounded near the origin, with J0(0) = 1. Sim-
ilarly, the modified Bessel function I0 approaches 1 close to the origin. Using the
formulae
J ￿0(z) = −J1(z), I ￿0(z) = I1(z),
we then use the fact that both J1 and I1 are equal to zero at the origin to reduce further
the number of terms in (3.71). Hence,
H(1)
￿
0 (βa)E0 + K
￿
0(βa)F0 = 0. (3.72)
For small βa, the leading order term is of order 1/βa. By examination of the series
expansions at the origin, equation (3.72) can be approximated to leading order by
2i
π
E0 = F0. (3.73)
Substituting (3.73) into (3.70), we obtain
E0
￿
S(H,G)0 +
2i
π
S(K,G)0 +
￿
H(1)0 (βa) + K0(βa)
2i
π
￿￿
= − AM￿|χˆ0| − AH￿|χ0| , (3.74)
where the factors I0(βa) and J0(βa) tend to 1 for βa→ 0. We observe that the series
expansions for H(1)0 (βa) and K0(βa) allow for some cancellation when considering their
sum. For the first three terms of the series expansion of H(1)0 (βa) about the origin, for
small βa, we have
1
π
￿
2iγ + π + 2i log
￿
βa
2
￿￿
+
1
π
￿
2i− 2iγ − π − 2i log
￿
βa
2
￿￿￿
βa
2
￿2
+O
￿
βa
2
￿4
,
and for 2iπK0(βa) we have
−2i
π
￿
γ + log
￿
βa
2
￿￿
+
2i
π
￿
1− γ − log
￿
βa
2
￿￿￿
βa
2
￿2
+O
￿
βa
2
￿4
,
where γ is Euler’s constant with numerical value 0.577216. The sum of the first terms
of each series simplifies to 1 so the term in the square brackets in (3.74) is of the order
1 +O(β2 a2), and therefore we obtain the result
E0 = −
￿
S(H,G)0 +
2i
π
S(K,G)0 + 1
￿−1￿ AM￿|χˆ0| + AH￿|χ0|
￿
. (3.75)
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Referring to the reconstruction equations (3.41)-(3.44), we can now provide explicit
formulae for the reflection and transmission plane wave coeﬃcients for a grating of rigid
pins (see also Movchan et al. (2009), Haslinger et al. (2012)). For those of Helmholtz
type, we have
Rm =
2
￿|χm|
χm d
E0 and Tm = Rm + AH δm0. (3.76)
For the modified Helmholtz type waves, we have
Rˆm =
2i
d
￿|χˆm| E0 and Tˆm = Rˆm + AM δm0. (3.77)
We establish reflection and transmission characteristics, in the form of reflection and
transmission matrices, for finite grating stacks. Owing to the nature of the propagation
of plane waves through a stack, we must take into account the scattering of a wave
incident from below as well as from above. A discussion of this was provided by
Movchan et al. (2009), and we apply the same arguments here.
For a wave coming from above with some value of α0, the values of the coeﬃcients
E0 and F0 are the same as for the problem with the wave coming from below with the
same value of α0. This can be shown using the Rayleigh identities (3.70) and (3.71).
For the case when the incident wave is in the region y < 0 rather than y > 0, we adapt
the arguments used in the derivation of the reconstruction equations. We then obtain
the following results for reflection and transmission coeﬃcients, denoting incidence from
below with the superscript (−)
R−m = Rm and T
−
m = Tm,
Rˆ−m = Rˆm and Tˆ
−
m = Tˆm. (3.78)
Energy considerations for small radius of scatterers
Consider a single grating of circular inclusions with period d = 1. In Fig. 3.3, we
illustrate the evolution of the normalised reflected energy curve for normal incidence
as the radius of the scatterers is reduced from a = 0.1 to a = 0.01 and a = 1.0× 10−6.
The limiting case of a = 0 is shown by the dashed curve.
We observe that in the limit as a→ 0, the normalised reflected energy curves tend
towards the dashed curve for rigid pins, in the range of β that we are interested in i.e.
those values in the vicinity of the maximum reflectance required for Fabry-Pe´rot wave-
trapping eﬀects (see Section 2.4.4). This is also consistent with the dispersion diagrams
for doubly periodic arrays of rigid pins and finite-radius inclusions (see Movchan et al.
(2007), McPhedran et al. (2009) and Poulton et al. (2010)).
We also observe a boundary layer eﬀect when 0 < β << 1. This is an eﬀect of
noncommuting limits, similar to the one previously analysed for electromagnetic cases
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Figure 3.3: Normalised reflected energy Rtot versus β for normal incidence for a
single grating of voids with period d = 1 and radius a = 0.1 (brown), a = 0.01
(black), a = 1.0× 10−6 (blue) and the limiting case of a = 0 (dashed).
by Poulton et al. (2001). This eﬀect is not relevant to the dispersion diagrams for the
doubly periodic array, because there is a low-frequency band-gap so the case 0 < β << 1
is excluded. However we observe it here for the transmission problem. This problem for
a boundary layer can be solved using a singular perturbation method as in the paper
by Poulton et al. (2001), but small β is not in the range considered in this thesis, since
we analyse cases for which wave trapping and localisation arise.
3.2 Recurrence algorithm for multipole method
As in the papers by Movchan et al. (2009) and Haslinger et al. (2012), for a single
grating, we define reflection and transmission matrices R± and T± to characterise the
scattering of an incident wave when it arrives at the grating from above (+) or below
(-):
R± =
￿
R±HH R
±
HM
R±MH R
±
MM
￿
, T± =
￿
T±HH T
±
HM
T±MH T
±
MM
￿
. (3.79)
The subscripts H and M refer to the Helmholtz and modified Helmholtz type waves
respectively. TheR+ matrix consists of four block matrices of order (2N+1)×(2N+1),
where N denotes the order of truncation for the multipole expressions, and the (p, q)th
element of the block R+HH gives the reflection coeﬃcient Rp when the incident wave
comes from above the grating, and its only non-zero amplitude is AH = 1 for channel
q. The (p, q)th element of R+MH is the reflection coeﬃcient Rˆp for the same incident
wave. The (p, q)th entries of R+HM and R
+
MM are the reflection coeﬃcients Rp and Rˆp
for the incident wave from above the grating with its only non-zero amplitude being
AM = 1 for channel q. The matrices R− and T± are filled similarly.
We build up the stack by placing additional gratings on top of the preceding layers.
The gratings are identical with a constant periodicity d, but the parameters of relative
vertical separation η and relative lateral shift ξ are used to characterise the stack under
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Figure 3.4: Coordinate systems for the top (x1, y1) and bottom (x2, y2) gratings for
a shifted pair of rigid-pin gratings, and the central line of symmetry (x, y) to which
we shift the phase origins of the reflection and transmission matrices. Reflection and
transmission matrices for the sth and (s+ 1)th gratings are also shown.
consideration. We account for these parameters by defining propagation matrices P
for η and Q for ξ, which are used in the recurrence procedure. The shift propagation
matrix Q was not used by Movchan et al. (2009), who only considered unshifted
structures where all of the gratings are aligned. In our treatment (see Haslinger et al.
2012), we shift the upper of two gratings to the left of the lower grating (see Fig. 3.4).
3.2.1 Propagation matrices
For a pair of gratings, it is convenient for the system of coordinates to have its origin on
the central symmetry line. In this case, we use propagation matrices to shift the phase
origin of each of the single grating’s reflection and transmission matrices by ±ηd/2 in
the vertical direction, and ξd in the horizontal direction. This is illustrated in Fig. 3.4.
P is the origin of the coordinate system (x, y) that we use to evaluate the scattering
matrices for the pair. The centre of the system for the top grating is P1 with coordinates
(x1, y1) = (x+ ξd, y− ηd/2), and for the lower grating P2 with (x2, y2) = (x, y+ ηd/2).
The matrices P and Q are block matrices of the same order as R± and T±. They
consist of two (2N + 1) × (2N + 1) diagonal matrices on the main diagonal, and two
(2N +1)× (2N +1) null block matrices. We define these (4N +2)× (4N +2) matrices
as follows:
P =
￿
δpqe
iχ˜pηd/2
￿
, (3.80)
with χ˜p = χp if p corresponds to a Helmholtz type wave and χ˜p = χˆp if p corresponds
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to a plane wave of modified Helmholtz type, and
Q =
￿
δpqe
−iαpξd
￿
, (3.81)
where
αp = α0 +
2πp
d
(3.82)
varies with the diﬀraction order p of the wave. The Kronecker delta δpq is used in these
expressions with p and q denoting the order of the scattered field, and the channel
of the incident field respectively. Therefore propagation matrix entries are nonzero
when the type of incident and scattered fields is the same, and their orders match.
The diagonal nature of the matrices ensures commutativity of multiplication, allowing
convenient notation for the evaluation of the scattering matrices on the central line
between successive gratings.
We consider a stack of s + 1 gratings, and we want to evaluate the reflection and
transmission matrices on the central line between the (s+ 1)th and sth gratings. The
stack of s gratings is characterized by four matrices R+s , T
−
s on γ
+
s , and R
−
s , T
+
s on γ
−
s ,
all relative to the system of coordinates (x2, y2) with centre P2 (see Fig. 3.4). Similarly
the additional (s + 1)th grating is characterized by the matrices R+1 , T
−
1 on γ
+
1 , and
R−1 , T
+
1 on γ
−
1 , with origin P1 and system (x1, y1). We use the propagation matrices
to represent these matrices on the central line, with respect to the system (x, y). For
example, consider waves reflected by the top grating:￿
p
R(1,+)p e
i(αpx1+χpy1) =
￿
p
R(1,+)p e
i(αpξd−χpηd/2)ei(αpx+χpy).
For the coeﬃcients R(1,+)p on the central line,￿
p
R(1,+)p e
i(αpξd−χpηd/2) =
￿
p
R(1,+)p ,
and in terms of matrices
R(1,+) =Q−1P−1R(1,+). (3.83)
Similarly, for transmitted wave coeﬃcients
￿
p T
(1,+)
p ,￿
p
T (1,+)p e
i(αpx1−χpy1) =
￿
p
T (1,+)p e
i(αpξd+χpηd/2)ei(αpx−χpy),
which gives us ￿
p
T (1,+)p e
i(αpξd+χpηd/2) =
￿
p
T (1,+)p ,
and
T (1,+) =Q−1PT(1,+). (3.84)
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We have similar plane wave representations for the fields associated with the system
(x2, y2) with origin P2:￿
p
R(s,+)p e
i(αpx2+χpy2) =
￿
p
R(s,+)p e
i(αp0+χpηd/2)ei(αpx+χpy),
and
R(s,+) = PR(s,+). (3.85)
The incident field is also considered. It arrives at P1 with amplitude δ
(1)
p :￿
p
δ(1)p e
i(αpx1−χpy1) =
￿
p
δ(1)p e
i(αpξd+χpηd/2)ei(αpx−χpy),
￿
p
δ(1)p e
i(αpξd+χpηd/2) =
￿
p
δp,
and
(δ(1)p ) =QP−1 (δp) . (3.86)
We therefore obtain the following representations used for the recurrence algorithm as
the wave propagates between the two gratings:
R+1 =Q−1P−1R+1 P−1Q and T +1 =Q−1PT+1 P−1Q,
T −1 =Q−1P−1T−1 PQ and R−1 =Q−1PR−1 PQ, (3.87)
R+s = PR+s P and T +s = P−1T+s P .
3.2.2 Geometric series
An incident wave with amplitude δ arrives at the stack of s+1 gratings from above. This
wave is either reflected or transmitted. The transmitted wave then passes through to the
stack of s gratings. Upon reaching the sth layer, some of the energy is reflected and some
is transmitted. For refection oﬀ γ+s , we use the notation R
+
s , and for the transmission
from γ−s to the rest of the stack, we use T+s . We assume that the stack of s gratings
has already been fully evaluated and characterised by the reflection and transmission
coeﬃcients denoted by the subscript s. The reflected part of the field defined by R+s
returns to the top (s + 1)th grating whereupon it is reflected or transmitted. The
resulting geometric series for the interaction of waves with the pair are:
ρ =
￿
R+1 + T −1 R+s T +1 + T −1R+s R−1R+s T +1 + T −1R+s R−1R+s R−1R+s T +1 + . . .
￿
δ
=
￿
R+1 + T −1R+s
￿ ∞￿
k=0
(R−1R+s ) k
￿
T +1
￿
δ (3.88)
for the reflected field and
τ =
￿
T +s T +1 + T +s R−1R+s T +1 + T +s R−1R+s R−1R+s T +1 + . . .
￿
δ,
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which can be rewritten in the form
τ =
￿
T +s
￿ ∞￿
k=0
(R−1 R+s ) k
￿
T +1
￿
δ
for the transmitted field. We recall Section 2.4.4, and Fig. 2.10 in particular, where
we discussed similar geometric series for the traversal of light between two mirrors in
a Fabry-Pe´rot interferometer. By determining the sums to infinity, we obtain
R+s+1 =
￿
R+1 + T −1 R+s
￿
I−R−1 R+s
￿−1
T +1
￿
, (3.89)
and
T +s+1 =
￿
T +s
￿
I−R−1 R+s
￿−1
T +1
￿
. (3.90)
Using these formulae, we may evaluate the reflection and transmission matrices on
the central line of symmetry between the two gratings. We can also rephase these
matrices since it makes sense to represent the reflected field with respect to the system
(x1, y1) at P1, by multiplying on the left by PQ. The incident part is also rephased
to the top grating by multiplying on the right by Q−1P . We can then rephase the
transmitted field to the system too, or back to the system (x2, y2) at P2, by multiplying
on the left by P and on the right, by Q−1P . For whichever choice of rephasing, the
energy is conserved and for the plots of reflected/transmitted energy versus spectral
parameter β, the same results are observed.
3.2.3 Enhanced transmission
In the paper by Movchan et al. (2009), attention was drawn to the existence of trapped
modes between a pair of gratings, characterised by very sharp transmission resonances
at specific frequencies. This analysis was carried out for a pair of gratings where
the rigid pins were aligned directly above one another, and the angle of incidence of
30◦ was highlighted for its particularly striking example of enhanced transmission. We
have conducted a thorough investigation of localisation and trapped modes within these
platonic systems, the results of which have been published in three journal papers.
For the case of a single grating, it is possible to determine a range of frequencies
for which virtually 100 per cent reflection is observed. Therefore intuitively, it is not
unreasonable to assume that this shielding eﬀect would be enhanced further upon the
introduction of an additional obstacle in the form of a second grating, when observing
plane waves over the same frequency range. However we demonstrate that with a
specific implementation of the second grating, we observe enhanced transmission rather
than reflection for plane waves of a given frequency.
This phenomenon is linked directly to the Fabry-Pe´rot-like trapping of waves be-
tween the gratings (see Section 2.4.4). Fundamentally, the high reflectance of a single
grating supports the trapping of waves between sets of identical gratings and the asso-
ciated localisation is observed in the form of resonances.
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Enhanced transmission peaks for pairs of shifted gratings
We consider identical gratings of rigid pins with periodicity d, but the upper grating
is placed so that the pins are not aligned directly above one another (see Fig. 3.4).
The relative grating separation is determined by η where ηd is the vertical distance
between the gratings. We denote the relative horizontal shift by ξ. We proceed with
the recurrence procedure outlined in the previous section and derive expressions for the
reflection and transmission coeﬃcients characterising this pair of gratings:
R+2 = R+U + T −UR+L (I−R−UR+L )−1T +U , (3.91)
T +2 = T +L (I−R−UR+L )−1T +U , (3.92)
where R, T , P , Q are defined as in equations (3.80), (3.81) and (3.87), and the
subscripts U and L represent the upper and lower grating respectively.
Re-phasing is carried out to obtain R+2 and T
+
2 using the appropriate inverse prop-
agation matrices. It is important to remember that as a shifted layer is added onto the
existing stack, alternative propagation matrices are required and therefore re-phasing
with the corresponding inverse propagation matrices must be carried out at each stage
of the recurrence algorithm. This is obviously more relevant as the size of the stack
increases from a single pair.
To determine the frequencies for which enhanced transmission occurs for a spe-
cific shift ξ, we only require the propagating orders (see Section 2.4.1). In Fig. 3.5(a),
Haslinger et al. (2012), we show the normalised transmitted energy
￿ |Tp|2 as a func-
tion of β for a pair of gratings of rigid pins with unit periodicity (d = 1) and unit
grating separation (ηd = 1), for various relative horizontal shifts ξ of the gratings. This
data is calculated for propagating orders for an angle of incidence θi = 30◦, which is
chosen with reference to the work done by Movchan et al. (2009). For convenience, we
denote the normalised transmitted energy by
Ttot =
￿
|Tp|2, p ∈ ΩH . (3.93)
The unshifted case (dotted red line) has the lowest value of the spectral parameter
β for its transmission resonance. As the relative shift ξ increases from 0.2 (solid green
line) to 0.4 (thick solid blue line), the resonance β value increases. In Fig. 3.5(b), we
show the detail in the neighbourhood of the transmission resonance for a relative shift
of ξ = 0.4. Maximum transmission is observed, and the slight separation shape of the
resonant peak is reminiscent of Fano resonances (Fano (1961)).
For each specific shift, we note two major observations regarding the transmitted
energy. Irrespective of the value of the shift ξ, a sharp peak in transmission occurs near
β = 4.2, where the reflectance for a single grating (dotted-dashed line) is zero. This
is a Rayleigh anomaly, where the order -1 passes oﬀ (i.e. α−1 = −β), and occurs for
β = 4π/3 (see equation (2.27) and Section 2.4.2).
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Figure 3.5: (a) Normalised transmitted energy Ttot, summed over propagating orders
versus β for three pairs of gratings, and normalised reflected energy Rtot for a single
grating (dot-dashed line) of rigid pins. The incident wave is of Helmholtz type with
θi = 30◦. Data: d = 1, η = 1. (b) Detail in the neighbourhood of the transmission
resonance for a shift of ξ = 0.4. Dashed lines are used to emphasise the full-power
and half-power points.
The other feature is the sharp spike in transmittance which occurs near β = 3.6
regardless of the shift. This observation is consistent with a discussion by Popov et
al. (1986) about the consequences of the symmetry of structures incorporating lossless
diﬀraction gratings, in the range of frequency for which only zeroth orders in reflection
and transmission are propagating. The passing oﬀ of the order -1 at β = 4π/3 confirms
that the range 2 < β < 4.2 featured in Fig. 3.5 comprises propagating waves of zero
order only.
Popov et al. (1986) concluded that if the grating structure has a centre of sym-
metry then a 100 per cent transmission is achievable. If it has symmetry about a
vertical axis then a 100 per cent reflection is achievable. If both these properties exist,
or alternatively if it has symmetry with respect to a horizontal axis then a resonant
region combining a 100 per cent reflection together with a 100 per cent transmission is
achievable. The full transmission we observe around β = 3.6 is in keeping with these
conclusions, since the double grating structure has a centre of symmetry irrespective
of the shift value.
The extremely high transmission for a pair of gratings corresponds to nearly 100 per
cent reflection for a single grating (dotted-dashed curve), indicating the possibility of a
trapped mode. The value of β for which the trapped mode occurs, β∗ say, increases with
increasing shift up to half of the period, where it attains its maximum. Its minimum
corresponds to the case of zero shift. This sharp peak in transmission at β∗, with zero
transmission for frequencies either side of the given value, and a correspondence with
very high reflectance for a single grating, is the phenomenon of enhanced transmission
we are especially interested in. We investigate its dependence on the shift parameter ξ
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Figure 3.6: Enhanced transmission peaks for shifted pairs of gratings with d = 1,
η = 1 and θi = 30◦. Normalised transmitted energy Ttot for propagating orders
(zeroth order only) is plotted versus β for shifts ξ in steps of 0.1 from left to right.
The narrowest peaks occur for ξ = 0.5 and ξ = 0 and these correspond to the highest
Q.
and how the quality factor (see equations (2.36)-(2.39) in Section 2.4.4) of the resonance
relates to the shift and angle of incidence parameters.
In Fig. 3.6 we show a close-up of the enhanced transmission peaks around β = 3.6
which characterise the trapped modes for θi = 30◦. We illustrate shifts ξ in steps of
0.1, and these pictures indicate the quality factors of the corresponding transmission
resonances. The narrowest peaks, and therefore highest Q-factors, occur for zero shift
and a shift of half the period.
3.3 Waveguide approach
We design a waveguide consisting of gratings of rigid pins. We consider triplets for
comparison with the scattering problem of Sections 3.1 - 3.2. The spectral parameter β
is linked to the angle of incidence θi of the plane wave via the relation α0 = β sin θi. For
the pinned waveguide, a quasi-periodic Green’s function is used to derive the dispersion
equation for Bloch modes within the system. These modes take the form of complex
resonances close to the real axis which are of even and odd symmetry. Crucially, we
establish a connection between the trapped Bloch waves within the structured waveg-
uide and the transmission resonances for a scattered plane wave. This link between
the two models enables us to detect and analyse the EDIT eﬀect more eﬃciently and
over a much wider range of parameters, since the waveguide’s modes are numerically
determined more easily than for the modes of the scattered wave.
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3.3.1 Grating Green’s function: plane wave form
We consider a single grating of rigid pins as a line of point forces with constant sep-
aration d. Therefore we use a quasi-periodic Green’s function G(x, y;α0,β) for the
biharmonic operator, satisfying equation (2.94), which we repeat here for the conve-
nience of the reader:
(∆2 − β4)G(x, y;α0,β) + δ(y)
∞￿
n=−∞
δ(x− nd) exp{iα0 nd} = 0, (3.94)
where α0 is the Bloch parameter and β is the spectral parameter associated with the
frequency ω by β2 = ω
￿
ρh/D. For the pinned waveguide, it is suﬃcient to use the
plane wave form, rather than the spatial form which incorporates Bessel functions and
grating sums. The spectral form of the Green’s function (2.103) is also repeated here
for the convenience of the reader:
G(x, y;α0,β) =
1
2β2
￿
1
2id
∞￿
n=−∞
1
χn
ei(αnx+χn|y|) +
1
2d
∞￿
n=−∞
1
τn
eiαnx e−τn|y|
￿
, (3.95)
where
αn = α0 +
2πn
d
, (3.96)
χn =
￿￿
β2 − αn2 , αn2 ≤ β2,
i
￿
αn2 − β2 , αn2 > β2, (3.97)
τn =
￿
β2 + α2n. (3.98)
3.3.2 Mode symmetry in a general triplet stack
We present detailed coverage of the waveguide method and the association with de-
termining EDIT eﬀects for a scattered wave in Chapter 6, in our culminating journal
paper (Haslinger et al. 2014). Here we give a brief outline of the derivation of the
dispersion equation for the system’s Bloch modes. The elementary cell for the general
triplet is illustrated in Fig. 6.1. The period of each grating is d and the relative vertical
separation between gratings is η. The relative lateral shift of the central grating (or
SBL) is denoted by ξ.
We denote the amplitude of the flexural displacement by u to distinguish it from
the notation W used for the amplitude in the scattering problem of Sections 3.1 - 3.2.
We express u as the sum of three quasi-periodic Green’s functions:
u =
1￿
j=−1
Aj G
(j) (x, y; α0, β), (3.99)
where Aj are coeﬃcients to be determined for each Green’s function G(j). In terms of
the Green’s function G(x, y) evaluated for the points (nd, 0) on the horizontal axis, we
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have
G(1)(x, y;α0,β) = G(x, y − ηd;α0,β),
G(0)(x, y;α0,β) = G(x− ξd, y;α0,β),
G(−1)(x, y;α0,β) = G(x, y + ηd;α0,β).
(3.100)
At each pin, it is required that u = 0. We therefore take the elementary column cell
incorporating the central pin of each of the constituent gratings such that
u
￿￿￿￿￿
x=a(m)
=
1￿
j=−1
AjG
(j) (a (m); α0, β) = 0, where m = −1, 0, 1. (3.101)
Here a (0) = (ξd, 0) and a (±1) = (0,±ηd). This is equivalent to the matrix equation
MA = 0, (3.102)
where A is the column vector of the coeﬃcients Aj and
M =

G(0, 0) G(−ξd, ηd) G(0, 2ηd)
G(ξd,−ηd) G(0, 0) G(ξd, ηd)
G(0,−2ηd) G(−ξd,−ηd) G(0, 0)
 =
M11 M12 M13M21 M11 M21
M13 M12 M11
 . (3.103)
Here we have used the identity G(x,−y) = G(x, y); the arguments α0 and β in the
representation of the matrix elements Mij are left implicit.
Note that the elements M12 and M21 generally diﬀer if the central layer is shifted
with respect to the outer pair. An exception to this arises for normal incidence when
α0 = 0. From equations (3.96)-(3.98) we see that when α0 = 0 then α−n = −αn,
χ−n = χn, and τ−n = τn. It then follows that
M12 = G(−ξd, ηd) =M21 = G(ξd,−ηd) for α0 = 0.
If the gratings are all aligned (ξ = 0) or α0 = 0, the matrix M has a symmetric
To¨plitz structure. This would be the case regardless of the number of gratings chosen
for the mirror layers provided they are placed symmetrically above and below the SBL.
In the analysis conducted in Chapter 6 we concentrate on the three-gratings stack,
and determine the conditions for odd and even modes. The coincidence of these even
and odd Bloch modes gives rise to the EDIT eﬀect in the scattering problem, and we
demonstrate the link between the two approaches for a wide range of frequencies and
angles.
3.4 Analysis of transmission resonances
The primary motivation for our analysis of trapped modes and transmission resonances
in platonic grating structures was the existing literature (Evans & Porter 2007, Movchan
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Figure 3.7: Triplet of rigid-pin gratings.
et al. 2009), in which systems composed of two gratings of rigid pins in a Kirchhoﬀ plate
were shown to be able to provide Q-factors (see equations (2.36)-(2.39) in Section 2.4.4)
of around 6000. This striking result is comparable with some of the best previous
designs (Mohammadi et al. 2009).
Our initial eﬀorts involved more complicated rigid-pin grating geometries incorpo-
rating relative lateral shifts, and in particular, sets of three gratings. The addition
of an extra grating means there are two vertical separations η1d, η2d, as illustrated
in Fig. 3.7. It is natural to maintain the symmetry of the grating system by setting
η1 = η2 = 1, and so η1d = 1 i.e. we consider structures where the grating separation
in the y-direction matches the period in the x-direction. The lateral shift parameter
ξ in grating stacks provides a powerful control over the transmission resonances (see
Section 3.2.3), and can give rise to a variety of interesting physical eﬀects, one of these
being the EDIT eﬀect (Section 2.4.5). The 3-grating systems support two transmission
resonances, characterised by symmetric and anti-symmetric vibration modes, so that
the flexural wave within the triplet is an even or odd function of y, respectively.
For the rigid-pin triplet with θi = 30◦, d = 1, and ηd = 1, we observe that the odd
mode’s spectral parameter value β is invariant with shift ξ, but we can tune the even
mode using the shift parameter. For this geometry, it is possible to design a system for
which the odd and even modes coincide, and this gives rise to the novel filtering eﬀect
that we call elasto-dynamically inhibited transmission (EDIT) where a resonant peak
in transmission is cut in two by a resonant dip with an extraordinarily high Q-factor
(see Section 2.4.5). In Section 4.3, we discuss this phenomenon (shown in Fig. 3.8) in
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Figure 3.8: EDIT eﬀect for a triplet of rigid-pin gratings with the central grating
shifted by ξ = 0.25200 for θi = 30◦. Normalised transmitted energy Ttot (curve 1,
blue) as a function of β for the triplet. Curve 2 (red) represents the total transmission
for the outer pair of gratings.
detail, and proceed to investigate its viability when we introduce some variation of the
parameter θi and when we break the symmetry of the structure (i.e. η1 ￿= η2). The
majority of these investigations were published in the paper by Haslinger et al. (2012)
which forms the bulk of Chapter 4.
Chapter 5 is based on the paper by Haslinger et al. (2013a) and considers gratings
consisting of voids with nonzero radius a > 0. The nonzero radius ensures that higher-
order multipole terms, characterising the scattered field, must be taken into account.
The change in the geometry from zero-radius pins has important eﬀects on the EDIT
phenomenon. In particular, it was noted by Haslinger et al. (2013a) that the anti-
symmetric resonance mode is no longer unaltered for the case of a horizontal shift of
the middle grating. It follows that more care is required to identify the parameter
values for EDIT for structures incorporating finite-sized voids.
It is natural to broaden the application of the model by varying more of the param-
eters. The alternative approach, where the platonic grating interface is treated as a
waveguide characterized by quasi-periodic Green’s functions (Section 3.3), is discussed
in our third paper which makes up Chapter 6. The more eﬃcient determination of
resonance values enables us to introduce added complexity regarding the parameters,
and in particular the relative vertical separation ηi. In Chapter 6, we show how the
EDIT phenomenon can be steered over a wide range of the parameters β and θi by
optimizing η according to maximum single grating reflectance.
An example of this variation in η is shown in Fig. 3.9. This shows in Fig. 3.9(a) the
transmission energy spectrum in the vicinity of two transmission resonances, the lower
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Figure 3.9: Normalised transmitted energy Ttot versus spectral parameter β for a triplet
of rigid pins with α0 = 2.1 in both cases: (a) ηd = 1 ; (b) optimized resonances for
a triplet with η∗d = 1.185266. The normalised reflected energy Rtot is shown by the
dashed curve.
β one being of even symmetry and the upper of odd symmetry. With the initial vertical
separation of the gratings being ηd = 1, the resonances have low Q-factors, since the
single grating reflectance is significantly below unity. In Fig. 3.9(b), the transmittance
spectrum for an optimized value of η shows the resonances after they have been moved
into the high reflectance region for the single grating: both have much higher quality
factors.
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Chapter 4
Pinned platonic grating stacks
This chapter is based on the paper by Haslinger et al. (2012), and it studies trans-
mission resonances in rigid-pin platonic grating stacks. The theoretical details of the
multipole method employed, and some introductory analysis of enhanced transmis-
sion linked to the trapping and localisation of flexural wave energy, has already been
discussed in Chapter 3. Here we present numerical examples for systems of two and
three gratings. We show geometries containing three gratings for which transmission
resonances have very high quality factors of around 3.5× 104, and expand on the phe-
nomenon of EDIT. The narrow-band transmission resonances and EDIT have potential
filtering applications, mirroring the use of resonant systems in physics for filtering.
An emerging area in this field concerns the design of systems to achieve narrow band
resonances for mechanical (Mohammadi et al. 2009) and optomechanical applications
(Eichenfeld et al. 2009). The ability of a system to give resonant wave eﬀects is often
quantified by its quality factor Q, defined in Section 2.4.4, equations (2.36)-(2.39). We
discuss the properties and underlying theory of simple geometric structures which give
high Q-factor resonances in transmission and reflection for elastic flexural waves.
The structure of the present chapter is as follows. In Section 4.1 we consider pairs of
rigid-pin gratings for various angles of incidence θi and lateral shifts ξ, and describe the
link with Fabry-Pe´rot theory for the trapping of waves mentioned in Section 2.4.4. In
Section 4.2 we present the more complicated systems of three gratings which produce
richer resonant spectra. The triplets’ characteristic even and odd resonance modes
mean that for certain parameter settings, destructive interference results in the EDIT
eﬀect, which is reminiscent of optical systems exhibiting electromagnetically induced
transparency (see Section 2.4.5). EDIT is illustrated and discussed in the concluding
Section 4.3 of this chapter, with reference to our first publication on the subject by
Haslinger et al. (2012).
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4.1 Pairs of rigid-pin platonic gratings
In Section 3.2.3 we presented examples for enhanced transmission for shifted pairs of
platonic rigid-pin gratings that were published in the paper by Haslinger et al. (2012).
These initial examples used angle of incidence θi = 30◦, period d = 1 and relative
grating separation η = 1 (see Fig. 3.5). We now consider the two specific examples
ξ = 0 and ξ = 0.5 in Fig. 4.1, first published by Haslinger et al. (2012).
Recall from Section 2.4.4, equations (2.36)-(2.39), that the quality factor (Q-factor)
is a dimensionless parameter which characterises a resonance’s bandwidth relative to
the frequency of the maximum energy. The resonance wavenumbers for the pairs of
unshifted and shifted pairs are β = 3.58221 and 3.65970 respectively. The quality
factor for the unshifted pair is around 5, 400 (Movchan et al. 2009) and we also find an
extraordinarily large quality factor of around 9, 400 for the grating pair with a relative
shift of half the period ξ = 0.5. Even sharper transmittance spikes are observed when
we double the grating separation to ηd = 2. We observe a quality factor of around
35, 000 for the unshifted pair, and 19, 000 for a shifted pair with ξ = 0.5 = η/4. This
increase in Q is consistent with the reduction in the eﬀect of evanescent modes owing
to the increased separation of the gratings, relative to their periodicity.
In Fig. 4.1, we show the resonance transmittance spikes for the unshifted and shifted
pairs for ηd = 1. Both exhibit the extreme sharpness of the resonance, which arises at
these specific frequencies because of the reflectance characteristics of the single grating.
We also note the separation shape of the resonant peaks, which is characteristic of
Fano resonances (Fano 1961). These arise when there is a slow background variation
of transmittance, in the presence of a rapid foreground variation. In our case, the slow
variation is that of the transmittance of a single grating, while the rapid variation is
caused by the change of phase between the gratings as β varies (see the terms P and
Q in (3.80) and (3.81)).
4.1.1 Varying angle of incidence
The angle at which the plane waves are incident on the system is an important param-
eter of the model, and some comparison of the trapped modes arising for 30◦ and 27◦
was made by Movchan et al. (2009), but only for an unshifted pair. In Figure 4.2, we
plot normalised transmitted energy versus β for various shifts ξ for θi = 27◦. A series
of transmission peaks characterised by the lateral shift parameter ξ are obtained, but
unlike for 30◦ (see Fig. 3.6), there isn’t a resonance with an explicitly higher Q. This
suggests that θi = 27◦ is not the optimal angle of incidence for zero-radius gratings
with respect to the sharpness of the transmission resonances. This is linked to the
Fabry-Pe´rot theory associated with the single grating’s reflectance (Section 2.4.4).
In Fig. 4.3 we compare the transmission peaks for θi = 29◦, 30◦ and 31◦, with a = 0,
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Figure 4.1: (a) Normalised transmitted energy Ttot versus β for a pair of unshifted
rigid-pin gratings (left spike) and for a shift of half the period (right). For both
pairs, d = 1, η = 1 and θi = 30◦. Also shown are the normalised reflected energy
Rtot versus β for a single grating (solid green curve close to Ttot = 1) and a straight
line (dashed) indicating maximum normalised energy of 1. The other two pictures
are blow ups of the transmission peaks. These detailed plots illustrate the separation
shapes of the Fano resonances.
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Figure 4.2: Normalised transmitted energy Ttot, summed over propagating orders
versus β for five pairs of gratings, and normalised reflected energy Rtot for a single
grating (dashed line) of rigid pins. The incident wave is of Helmholtz type with
θi = 27◦, and d = 1, η = 1. The lateral shift values are ξ = 0, 0.1, 0.2, 0.4 and 0.5
from left to right.
d = 1 and η = 1. It is interesting that the case of θi = 30◦ yields a sharp resonance for
the two extreme values of shift ξ = 0 and ξ = 0.5, whilst θi = 29◦ supports two sharp
resonances for low values of shift, and θi = 31◦ gives the narrowest peaks for the higher
end of the range of shift ξ.
The results suggest that the value of ξ is an important factor in determining the
quality factors of the transmission resonances for angles 29◦−31◦ for rigid-pin platonic
gratings. Consider the case with zero shift at β ≈ 3.59 for θi = 29◦ in Fig. 4.3(b).
As θi increases to 31◦, β decreases to around β ≈ 3.575 and the Q factor decreases in
Figs. 4.3(a) and (c). A similar pattern applies for the mode at β ≈ 3.66 for θi = 31◦
and ξ = 0.5 in Fig. 4.3(c), which has a very high Q-factor. As θi is reduced to 29◦, the
value of β increases and the Q factor decreases.
4.1.2 Varying relative grating separation and analogy with Fabry-
Pe´rot theory
For all of the examples in which the relative grating separation η = 1, one enhanced
transmission peak is observed, regardless of the value of the lateral shift parameter ξ.
For the case of ηd = 2, the very high Q resonance indicative of enhanced transmission is
accompanied by additional resonances. This was illustrated by Haslinger et al. (2013a)
for normal incidence in Fig. 4.4, which also provides a good illustration of the Fabry-
Pe´rot theory in a platonic setting.
For an unshifted pair of gratings of rigid pins with d = 1 and η = 1, the normalised
resonant frequency is β∗ = 3.62810 for the transmission peak with a low Q-factor of
20, as illustrated by curve 1 in Fig. 4.4(a). Curve 2 shows the reflected energy for the
single grating, and the two peaks are not aligned meaning that the Fabry-Pe´rot eﬀects
are negligible.
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Figure 4.3: Normalised transmitted energy Ttot, summed over propagating orders
versus β for five pairs of gratings, and normalised reflected energy Rtot for a single
grating (dashed line) of rigid pins, with d = 1 and η = 1. The incident wave is of
Helmholtz type with (a) θi = 30◦ (b) θi = 29◦ (c) θi = 31◦. The lateral shift values
are ξ = 0, 0.1, 0.2, 0.4 and 0.5 from left to right.
The additional resonances arising from the increased grating separation to ηd = 2
are illustrated in Fig.4.4(b). We observe the peak at β∗ = 3.41020 (rather than at β∗ =
3.62810 as for the vertical separation ηd = 1) and two additional peaks, one at a much
lower frequency of β∗ = 1.95200, and the other at a higher frequency (β∗ = 4.633083)
and with a significantly higher Q-factor of 539. The reason for the very sharp peak at
β∗ = 4.633083 is its proximity in frequency to very high reflectance for a single grating
of rigid pins for θi = 0◦. It is precisely this alignment that enhances the Fabry-Pe´rot
eﬀects (see Section 2.4.4).
Fig.4.4(b) illustrates two requirements for delivering high Q-factor transmission
peaks: the first is that the reflectance of a single grating has to be close to unity,
and the second is that the separation of the gratings has to be chosen to align the
interference peak with the point of high reflectance. We note that the physics here for
flexural waves is in keeping with that for optical waves (see Section 2.4.4 on Fabry-Pe´rot
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Figure 4.4: Total transmittance Ttot (curve 1, solid blue) for a pair of rigid-pin
gratings and total reflectance Rtot (curve 2, dashed olive green) for a single grating
of rigid pins as functions of β. Data used: (a) η = 1, (b) η = 2. Here L = 0.
theory and Born & Wolf 1959, Section 7.6).
4.2 Triplets of rigid-pin platonic gratings
We extend the stack to triplets of gratings as illustrated in Fig. 3.7. We analyse
the eﬀect of relative shifts on the spectral parameter β and the quality factor of the
resonance. We compare the nature of the trapped modes arising from both doublets
and triplets. We begin with a triplet that is constructed wherein the separation between
each grating is unity and an overall symmetric geometry is obtained i.e. period d = 1
and relative grating separation η = 1. Two initial geometries are analysed for θi =
30◦. The first contains three parallel, aligned gratings (ξ = 0), and therefore may
be considered to consist of two pairs of aligned gratings. Since the separation of the
outer gratings is 2, comparison is also made with the pair for η = 2. The other triplet
contains three identical gratings, but with the middle layer incorporating a relative
shift of ξ = 0.5. This configuration comprises two shifted pairs, and once again the
outer gratings are eﬀectively aligned gratings with η = 2.
Referring to Fig. 3.7, we observe that the horizontal axis y = 0 acts as a line of sym-
metry for the grating stack. In treating diﬀracting systems with up-down symmetry, it
is of value to break the diﬀraction problem up into symmetric and anti-symmetric parts
(see Fig. 4.5), where two types of trapped modes are characterised by their symme-
try and anti-symmetry about y = 0 (McPhedran & Maystre 1977, Botten et al. 1985,
Popov et al. 1986). The general incidence, illustrated in Fig. 4.5(a), is the superposition
of the anti-symmetric and symmetric incidences shown in Figs. 4.5(b) and (c), subject
to a constant multiple, i.e. (a) = 12 [(b) + (c)]. For the frequency region where only
zeroth orders in reflection and transmission propagate and where complex amplitudes
are evaluated with respect to an origin at the centre of symmetry, the consequences
of symmetry were discussed in McPhedran & Maystre (1977). We note that in our
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Figure 4.5: (a) General incidence for the scattering problem for a symmetric triplet
with a shifted middle grating. I represents the incident plane wave with amplitude
1, and R0 and T0 denote complex amplitudes for zeroth order in reflection and
transmission. (b) Anti-symmetric incidence for a stack of three parallel gratings
with a shifted middle grating. The modes are odd functions of y. The amplitudes
of the incident waves are 1 above and −1 below the triplet, and Ra and −Ra are
the corresponding complex amplitudes for zeroth order reflection. (c) Symmetric
incidence for a shifted triplet. The modes are even functions of y. Here Rs is used
to denote the complex amplitudes for zeroth order reflection for this symmetric case.
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problem, the reflected and transmitted zero-order amplitudes diﬀer in phase by ±π/2,
as in McPhedran & Maystre (1977).
4.2.1 Numerical results for symmetric triplets
In Fig. 4.6, we show the transmission resonance peaks for geometries which possess the
full symmetry (Popov et al. 1986) that permits resonances in which the transmittance
varies from zero to unity. We consider more general shifts later. In Fig. 4.6(a), we plot
Ttot (see equation (3.93)) versus β for ξ = 0 (blue curve) and ξ = 0.5 (green dashed
curve). Each triplet supports two localised resonances for β in the range 1.2−4.2, with
one fixed resonance always at β∗ = 3.61747, and the other varying in frequency with
the shift. The shared transmission mode has a much higher Q (see Fig. 4.6 (a)).
We also observe a transmission resonance for the frequency β∗ = 3.61747 for the pair
of unshifted gratings with η = 2. This is to be expected since the triplet is made up of
an outer pair of parallel gratings and a shifted middle grating whose eﬀect is cancelled
out by the anti-symmetry, as in Fig. 4.5(b). In eﬀect, the middle grating is not “seen”.
All three enhanced transmission resonances are shown in detail in Fig. 4.6(b).
The other two resonant frequencies for the triplets occur at β∗ = 3.56573 and
3.68599, the first for the unshifted triplet and the latter for the triplet with the shifted
middle grating (see Fig. 4.6(a)). These frequencies are similar to the resonance frequen-
cies for the corresponding pairs of unshifted and shifted gratings (3.58221 and 3.65970
respectively) shown in Fig. 4.1.
This correspondence is explained by the symmetric geometry of the triplet. It is
eﬀectively made up of two pairs of shifted pairs. Both of these pairs allow for “trapped”
modes at the same resonance wavenumber β∗ and thereby support the enhanced trans-
mission across the 3-grating system. The numerical diﬀerence (less than 1%) arises
in the transmission problem due to the inclusion of evanescent modes in our model,
which allows for some field coupling between the gratings. In Fig. 4.7, we show these
transmission resonances for a shift of half the period. The proximity of the peaks is
evident, as is the Fano nature of the resonances, which is more pronounced for the
resonance arising from the pair of shifted gratings (solid line). This spike displays the
higher Q (over 9,000).
4.2.2 Odd and even modes
Three-grating systems support two transmission resonances, characterised by symmet-
ric and anti-symmetric vibration modes, so that the flexural wave within the triplet
is an even or odd function of y, respectively. For the general shift, we observe both
the odd mode’s resonance at β∗ = 3.61747 (straight line in Fig. 4.8), and the same
correlation for the even mode’s transmission peak and the corresponding shifted pair.
This is shown in Fig. 4.8, where we plot β∗ versus ξ for shifted pairs (green dashed
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Figure 4.6: (a) Ttot versus β for aligned and shifted triplets for θi = 30◦ and d = 1.
The central spike represents a trapped mode for both geometries. The peak on the
right (dotted green) occurs for the triplet with the shifted middle grating (ξ = 0.5)
and the peak on the left (solid blue) occurs for the geometry with three aligned
gratings with ξ = 0. The grating separation is η = 1 for all consecutive gratings.
Also shown is Rtot versus β for a single grating and a straight line (dashed) indicating
maximum normalised energy of 1. (b) Ttot versus β in the region of β∗ = 3.61747.
Three geometries are virtually coincident: pair of unshifted gratings with η = 2
(dashed black curve), triplet of aligned gratings (solid blue curve) and triplet with
shifted middle grating (ξ = 0.5) with η = 1 between each pair (solid green curve).
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Figure 4.7: Transmission resonances for symmetric trapped mode for a triplet with
shifted middle grating ξ = 0.5 (dotted curve), with d = 1 and η = 1 between each
grating, and a pair of shifted gratings (ξ = 0.5) with d = 1, η = 1. In both cases,
θi = 30◦.
curve) and the symmetric trapped modes for the triplets with a shifted middle grating
(blue solid curve).
For a triplet with outer gratings separated by ηd = 2, but with the middle grating
placed away from y = 0, we break the symmetry that was discussed in Sections 3.2.3
and 4.2.1 (Popov et al. 1986, McPhedran & Maystre 1977). This removal of the cen-
tre of symmetry results in the reduction of the system’s ability to facilitate enhanced
transmission (see Fig. 4.9). The numerical computations do not produce enhanced
transmission peaks with high Q for only small deviations from the symmetrical geome-
tries we have discussed.
4.2.3 Quality factors for the trapped modes
We have noted the correspondence between trapped modes arising at the same value
of β for pairs and triplets. It is interesting to determine which geometry produces
the sharper transmission resonance. In Section 4.1, we noted the extraordinarily high
quality factors arising from pairs of gratings. For the triplets, we still observe sharp
resonances but they are not as pronounced as for the equivalent geometry with two
gratings.
For the unshifted triplet, we record a quality factor of around 3, 800 for the sym-
metric trapped mode, which is below that of the equivalent localised mode for a pair
of aligned gratings (around 5, 400). For the shifted triplet with ξ = 0.5, the symmetric
mode’s resonance quality factor is also down on the analogous pair, being around 1, 600
compared with 9, 400. This diﬀerence arises because of the increased coupling eﬀect of
evanescent modes since the triplets consist of two of the pairs we are comparing them
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Figure 4.8: Resonant β∗ representing trapped modes for horizontal shifts ξ in steps of
0.1 across a single unit period for both shifted pairs (green, dashed), and triplets with
a shifted middle grating (blue, solid). For both geometries, θi = 30◦ is considered.
We also illustrate the fixed, anti-symmetric resonance with a horizontal straight line.
with. However, the anti-symmetric modes arising for both triplets, which are a more
precise fit with the equivalent localisation for two aligned gratings since η = 2 for the
outer pair in both cases, have extremely large and almost identical quality factors to
the pair, being around 35, 000. The aligned triplet results in the marginally higher Q,
being closer to 36, 000.
4.3 Double resonances and the analogy with EIT
As illustrated in Fig. 4.6, enhanced transmission occurs at frequencies corresponding to
resonances of symmetric and anti-symmetric modes within the triplet of gratings. The
frequency of the anti-symmetric mode is independent of the shift of the middle grating,
whereas that of the symmetric mode changes with the shift ξ, as shown in Fig. 4.8. For
an angle of incidence θi = 30◦, the frequencies of symmetric and anti-symmetric modes
coincide for the specific value of ξ = 0.25200, and have the common value β∗ = 3.61747.
We now discuss the double resonance eﬀect associated with this particular geometry.
In Fig. 4.10(a) we show the transmittance for the three grating stack with the opti-
mized shift ξ, and that for the outer pair of gratings (field plot shown in Fig. 4.10(b)).
It will be noted that the pair of gratings has a transmission resonance reaching unity,
while for the triplet the peak is suppressed, and replaced by a sharp minimum reaching
down to zero. The presence of this minimum shows that the phases of the symmetric
and anti-symmetric parts of the solution referred to in Section 4.2 diﬀer by either 0 or
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Figure 4.9: Ttot versus β for triplets for θi = 30◦, d = 1, ξ = 0, with various relative
grating separation η. The outer gratings are separated by ηd = 2. The brown
curve represents the structure where the central grating is positioned at 35 % of
the separation, with respect to the bottom grating. The red curve has the middle
grating at 40 %, and the blue curve has its middle grating positioned 45 % into the
separation with respect to the bottom of the triplet structure.
π. In the first case, the symmetric and anti-symmetric parts will add in the upper half
of the triplet, but cancel in the lower half, preventing energy flow into the transmitted
field region. The result is that the flux of energy into the region below the triplet is
zero and the field above the triplet takes the form of a standing wave as illustrated in
Fig. 4.10(c). In the second case, they will cancel in the upper half of the structure,
leading to total reflectance oﬀ its upper surface.
We note that the normalised transmission energy is less than one (approximately
0.92) for the two identical peaks shown on Fig. 4.10. This is because of the extreme dip
to zero transmission observed at β∗ = 3.61747, and this notch has an extraordinarily
high Q-factor of over 36, 000. The dashed lines, indicating the half-power and full-power
points, clearly illustrate the extreme sharpness of this dip.
The phenomenon of electromagnetically induced transparency (EIT) is a quantum-
mechanical eﬀect which arises in three-level atomic systems (see Section 2.4.5). It
involves a peak in absorption of a probe beam, which is suppressed by the addition
of a coupling beam which creates a “window of transparency” for the probe beam.
The curve of absorption versus frequency for EIT bears a striking resemblance to the
transmittance curve of Fig. 4.10. Corresponding factors between EIT and our dou-
ble resonance phenomenon are the three levels (read three gratings), the creation of
destructive interference (in EIT due to the choice of atomic system and the coupling
beam, in our double resonance, the accurate control of the shift parameter) and the
very high Q-factors attainable. Diﬀering factors are that our double resonant system
does not absorb, and that it does not need separate probe and control beams. Never-
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theless, this analogy between EIT and the double resonant grating stack illustrates the
intrinsic wave nature of quantum mechanics.
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Figure 4.10: (a) EDIT eﬀect for a triplet of rigid-pin gratings with the central
grating shifted by ξ = 0.25200 for θi = 30◦. Normalised transmitted energy Ttot
(blue curve 1) as a function of β for the triplet. Curve 2 (red) is Ttot for the outer
pair of gratings. (b) Flexural displacement for the outer pair of gratings of rigid pins
(η = 2) as a function of x and y for β∗ = 3.61747. (c) Flexural displacement for the
triplet of rigid-pin gratings (η = 1) as a function of x and y for β∗ = 3.61747.
Additional remarks
Fig. 4.10(a) was the first published illustration of EDIT’s characteristic central mini-
mum bracketed by two transmission peaks. The destructive interference suppresses the
total transmitted energy to be negligibly small at this minimum, explaining the label
elasto-dynamically inhibited transmission adopted by Haslinger et al. (2013a). Chap-
ter 5 extends analysis of transmission resonances and EDIT to nonzero-radius systems,
and is based on the paper by Haslinger et al. (2013a).
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Chapter 5
Nonzero-radius platonic grating
stacks
The main emphasis of this chapter is how the radius of the gratings’ voids or inclusions
aﬀects the multipole method of solution for the transmission problem. This case of
finite radius rather than the limiting case of zero-radius fixed pins has two important
implications. There is a greater relevance of the model to real-life applications, and
there are significant diﬀerences in the implementation of the method of solution, and in
the results of the illustrative examples. Much of the material here is based on our paper
by Haslinger et al. (2013a), published in the International Journal of Fracture. The
localisation of flexural waves within the grating system and the associated transmission
resonance regimes are possible sources of fracture or structural failure.
The vibration of plates is relevant for studying the response of elastic systems to
earthquakes and other dynamic loads, and many of these systems incorporate periodic
arrangements of inclusions, voids or masses as part of their structural design. Examples
include aircraft whose wings comprise panels riveted together in a periodic manner, as
shown in Fig. 5.1. Other structures incorporating periodic arrays are bridges, railways
and reinforced roads, although in the latter case this is primarily a doubly periodic
example.
All of these cases concern structures that accommodate vibrational plane waves that
propagate in the plane of the plate, with their amplitudes perpendicular to the plane.
It is important to be aware of the possibility of transmission resonances generated by
the trapping of waves within the grating system, and to take appropriate measures
during the design phase.
The chapter deals with localisation of flexural waves within gratings composed of
both pinned points and rigid inclusions of finite radius in a structured plate. The eﬀect
of the finite size of inclusions on the dynamic localisation is analysed for the range of
frequencies where only zeroth grating orders propagate. The structure of the resonant
modes within gratings of inclusions is of special interest, and are illustrated using field
plots. In particular, we consider the circumstances under which such gratings can
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Figure 5.1: Examples of periodic arrays in elastic systems incorporating plates
(a) aircraft wings (www.instartupland.com) (b) cable-stayed bridge (Femern A/S,
http://buildipedia.com).
deliver the EDIT eﬀect.
We also mention that there have been related investigations involving transmission
properties of electromagnetic waves through doubly periodic grids (Botten et al. (1985),
Ulrich & Tacke (1973), Pelton & Munk (1979)). In these papers, square symmetric
grids illuminated by normally-incident plane waves exhibited a resonant transmission
maximum, whereas for slightly oﬀ-normal incidence, the transmission maximum was
bisected by a zero of transmission. It was shown that this was due to the presence
of a mode with the opposite symmetry (odd) to that of the resonant mode for normal
incidence (even), the former not being able to couple to the incident wave. However, for
oﬀ-axis angles, its coupling coeﬃcient became nonzero, and the null of reflectance was
then caused by the resonances of the even and odd modes coinciding and cancelling
each other. The paper of Botten et al. (1985) gives information on the phase as
well as amplitude of reflection and transmission coeﬃcients, and also remarks that
the resonance of the even mode can involve the carriage of more than 100% of the
incident energy in the downward direction (i.e. parallel to the incident wave), since
the odd mode resonance involves energy being carried upwards (i.e. anti-parallel to the
incident wave).
The symmetry of the localised field is aﬀected by the scattering from the inclusions
of nonzero radius. As noted in Section 4.2 an anti-symmetric resonance mode, where
displacements are equal to zero along the neutral line within the triple of rigid pins,
is unaltered for the case of a horizontal shift of the middle grating; this is no longer
the case for the situation when the middle grating consists of rigid inclusions of finite
radius.
In Section 5.1 we give a brief overview of the governing equations and the method
of solution for the scattering of a flexural wave by a finite set of gratings of nonzero
rigid inclusions. The studies that follow Section 5.1 address interaction of scatterers
of finite radius. We show that the EDIT phenomenon can still be obtained for the
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Figure 5.2: Stack of gratings consisting of an outer pair of finite nonzero inclusions of
radius a and period d and a central grating of rigid pins characterised by the relative
lateral shift ξ. The relative grating separation between consecutive gratings is η.
configuration in which the central grating has rigid pins and the outer gratings have
finite radius scatterers. Parameters of the system which enable the quality factors of
transmission and reflection resonances to be controlled are identified, and flexural wave
patterns within the grating stack are exhibited.
5.1 Governing equations: scattering by a single grating
For the case of stacks of gratings containing voids with clamped boundaries or rigid
inclusions of finite radius a, rather than fixed pins, most of the governing equations
are the same as outlined in Sections 2.1, 2.2 and 3.1 to 3.2. However the analysis of
Section 3.1.6 is no longer suﬃcient, and it is necessary to take into account higher-
order multipole terms characterising the scattered field, and higher-order grating sums
related to the periodicity of the gratings when considering the equations (3.26), (3.27)
and (3.41)-(3.44). The account of the theory given below is kept to the bare minimum
and further details can be found in the aforementioned sections.
We repeat the governing biharmonic plate equation (2.2) and its factorized form for
the convenience of the reader:
∆2W (x)− β4W (x) = (∆+ β2)(∆− β2)W = 0, (5.1)
where W is the amplitude, and β2 = ω
￿
ρh/D. Figure 5.2 shows a sample configu-
ration of nonzero-radius and rigid-pin scatterers, which serves to highlight important
parameters characterising the grating structure and emphasise the role of the radius a.
The stack of gratings comprises two or three elements, each assumed to be periodic,
of period d, in the horizontal direction, and typically the gratings are separated by
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the common distance ηd in the vertical direction where η denotes the relative grating
separation. The successive gratings again have a relative horizontal shift, denoted by
ξ in Fig. 5.2.
As in equations (2.47), the boundary conditions for each rigid inclusion are
W
￿￿￿￿￿
r=a
= 0,
∂W
∂r
￿￿￿￿￿
r=a
= 0, (5.2)
where r represents the distance from the centre of the inclusion. Physically the above
boundary conditions represent clamping on the rigid boundary. In particular, when
the radius a tends to zero we retrieve the case of fixed pins discussed extensively in
Chapters 3 and 4.
A plane incident wave is propagating towards the grating in the upper half-plane.
The equations for the plane wave representations of the incident and scattered fields
are given by equations (2.6) to (2.12). The periodicity of the structure in the horizontal
direction and the parameters of the incident wave are represented by the familiar quasi-
periodicity condition (see Section 2.3) for W along the horizontal axis:
W (x+mde(1)) =W (x)eiα0md, (5.3)
where m is an integer and d is the period.
We now apply the multipole method used to treat the scattering of the plane incident
waves, either of the Helmholtz type (3.5) or of the modified Helmholtz type (3.6), by
a grating of inclusions of radius a. As in Section 3.1, the flexural displacement W is
expanded for y > a and y < −a in terms of sums of plane waves (WH) and modified
plane waves (WM ). In order to connect these two expansions, multipole expressions for
W are introduced in the region −a ≤ y ≤ a. The multipole expansion for WH involves
cylindrical Bessel functions and the multipole expansion for WM involves modified
Bessel function terms (see equations (3.8) and (3.9)).
The Rayleigh system (3.26), (3.27) is derived as in Section 3.1.3, and the summation
is run from −L to L, with L being the order of truncation. The number of terms used
in the grating sums is 4L + 2, as mentioned in Section 3.1.3. An important aspect of
the grating sums is the necessity for convergence formulae for those terms that are not
exponentially convergent. As outlined in Section A.1, we use formulae based on those of
Twersky (1961), and their implementation becomes more complicated for larger values
of radius a. We discuss this in more detail below, but first review the case of rigid pins.
5.2 Transmission and reflection properties of a single grat-
ing
For a single grating of rigid pins, a monopole expansion is suﬃcient to determine the
reflected and transmitted energies of an incident plane wave to great accuracy. This
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Figure 5.3: Normalised reflected energy versus spectral parameter β for θi = 30◦ for
a single grating of voids with radius a = 0 using (a) quasi-periodic grating Green’s
function and (b) direct summation of grating sums.
was explained in Sections 2.6.1, 3.1.3, 3.1.6 and A.1, where the quasi-periodic Green’s
function (2.95), (2.103) for a single grating of rigid pins is used to evaluate the expansion
for the monopole case. It is suﬃcient to use only a few terms in the grating sum as
illustrated in Fig. 5.3 where the reflected energies for a grating obtained using both
the Green’s function sum and the direct sum are compared. The Green’s function
for the biharmonic operator is finite at the origin, not singular as is the case for the
two-dimensional Helmholtz operator. Consequently we obtain the smooth curve for the
reflected energy in Fig. 5.3(a) rather than the oscillatory behaviour observed for the
direct summation in Fig. 5.3(b).
For the case of nonzero radius, more multipole terms are required in the expansions.
This in turn means that more terms are needed in the grating sums. We also use
an accelerated convergence for these grating sums, based on Twersky’s formulae (see
Section A.1 and Twersky 1961). The larger the radius a, the greater the number of
terms required.
We consider some examples of single gratings whose voids or inclusions have a
nonzero radius a > 0. For a = 0.01 shown in Fig. 5.4(a),(b) we show the results for the
normalised reflected and transmitted energies for both the direct sums and the Twersky
accelerated convergence formulae. The diﬀerence between the direct summation and
the accelerated sum is more pronounced than in the case of fixed pins (Fig. 5.3), but
it is particularly striking that the direct summation graph is obtained using 200 terms
whilst the Twersky formulae produce the converged result of Fig. 5.4(b) with only two
terms. Indeed for additional terms, the same result is observed.
The other important observation from Fig. 5.4 is that the reflected energies for the
range 0 < β < βmax (where βmax denotes the maximum single grating reflectance) are
higher than for the corresponding case with rigid pins shown in Fig. 5.3. This is a
feature common to nonzero-radius cases, as shown by Fig. 3.3 in Section 3.1.3, and as
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Figure 5.4: Normalised reflected (blue) and transmitted (red) energy versus spectral
parameter β for θi = 30◦ for a single grating of voids with radius a = 0.01 using
(a) direct summation of grating sums and (b) Twersky accelerated convergence
formulae.
radius a increases, the reflected energies become greater.
5.3 Transmission resonance for pairs of aligned gratings:
normal incidence
Here we consider the filtering action in the transmission of flexural waves by systems
of two gratings of inclusions, with both of the gratings aligned. We concentrate on the
eﬀects of inclusion radius a and relative vertical separation η between gratings on the
filtering action, characterised by the Q-factor1 of the transmittance peak.
The increase of the radius of inclusions within the gratings aﬀects the scattered
fields; this consequently leads to the change in the frequency of the resonance mode as
well as its Q-factor. The analytical representation of the physical fields between the
gratings incorporates multipole representations (3.8) and (3.9) outlined in Section 3.1.2.
The formulae for transmission and reflection matrices were already obtained for a
single grating, together with the formulae for the transmission and reflection matrices
for a pair of identical gratings (see equations (3.91), (3.92) here).
T 2 = T 1[I− (R1)2]−1T 1,
R2 =R1 + T 1R1[I− (R1)2]−1T 1. (5.4)
The matrices T i, Ri comprise the matrices Ti and Ri respectively, where i = 1, 2,
which are formed using the coeﬃcients for the plane wave representations (3.41)-(3.44),
together with a diagonal propagation matrix P :
Ri = PRiP , T i = PTiP . (5.5)
1For a resonant peak of transmittance T occurring at β = β∗ with T = Tmax there, if T = Tmax/2
for β = β+ and β−, then Q = β∗/|β+ − β−|.
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Figure 5.5: Pair of gratings consisting of inclusions of finite radius
a, with period d and relative grating separation η.
For the unshifted pair, this propagation matrix P changes with the change of the
relative vertical separation η between the gratings,
P =
￿
P 0
0 P
￿
, where P = [δtpe
iχ˜pηd/2], (5.6)
with χ˜p = χp if p corresponds to a Helmholtz type plane wave and χ˜p = χˆp if p
corresponds to a plane wave of modified Helmholtz type. In contrast, the scattering
matrices Ti and Ri change with β.
5.3.1 Examples for various nonzero radii
For the purpose of illustration, we consider several configurations. A symmetric pair of
gratings of inclusions of finite radius is shown in Fig. 5.5. The geometrical dimensions
are normalised so that the distance d between the centres of inclusions is unity. Table 5.1
gives a summary of the resonance frequencies for diﬀerent configurations for the case
of normal incidence.
The resonant wavenumber corresponding to the peak in transmission is denoted by
β∗. For very high Q resonances, additional decimal places are required to evaluate the
spectral parameter β∗ because the sampling, needed to identify the characteristic values
of the spectral parameter, must be much finer. The first line in Table 5.1 corresponds
to the pair of gratings of rigid pins featured in Chapter 4.
Throughout this thesis we consider the range of β values for which only the zeroth
order plane waves in reflection and transmission propagate i.e. p = 0. For zero-radius
pins, it is suﬃcient for the corresponding order of truncation L to be zero. Accordingly,
the total energy transmitted Ttot is defined by |T0|2, with |T0| being the amplitude of
the zeroth order transmission coeﬃcient (see equation (3.93)). Similarly, the total
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Table 5.1: Resonant frequencies β∗ and the corresponding Q-factors for various pairs
of unshifted gratings for normal incidence. In this table, d = 1.
a η Resonant wavenumber Q
0 1 β∗ = 3.62810 20.0
0 2 β(1)∗ = 1.95200 6.19
β(2)∗ = 3.41020 25.2
β(3)∗ = 4.63308 539
0.01 1 β∗ = 3.82890 208
0.01 2 β(1)∗ = 2.13669 33.4
β(2)∗ = 3.53658 138
β(3)∗ = 4.72190 76.6
0.02 1 β∗ = 3.90296 477
0.02 2 β(1)∗ = 2.17529 50.8
β(2)∗ = 3.57980 219
β(3)∗ = 4.76865 68.2
0.1 1 β∗ = 4.5572187 6.51× 104
0.1 2 β(1)∗ = 2.40631 617
β(2)∗ = 3.925255 1.19× 103
β(3)∗ = 5.23749 202
reflectance Rtot is equal to |R0|2. However as the radius of the inclusion is increased,
more terms are required in the grating sums thereby increasing L.
For a grating of inclusions of radius a = 0.1, Figure 5.6(a) shows that the transmis-
sion resonance for a pair of gratings lies in the region of β values where the reflectance
of a single grating is very close to unity. This results in a high Q-factor (6.51 × 104)
for the pair of such gratings. By comparison, for a pair of gratings with inclusions of
radius a = 0.01 (Fig. 5.6(b)), the Q-factor is 208, with the peak in transmitted energy
for a pair being significantly separated from the reflectance peak for a single grating.
5.3.2 Convergence properties
As mentioned in Section 3.1.5, energy is conserved regardless of the number of terms
used in the grating sums. Convergence aﬀects the value of β for the transmission
resonances of the grating systems. As we have already stated, the greater the value of
a, the more terms are required in the grating sums. We include a convergence table 5.2
for the case of a = 0.2 for normal incidence for a pair of gratings with η = 1 and ξ = 0.
The order of truncation L determines the number of multipoles 2L+1 and the number
of terms in the grating sums is denoted by N .
As discussed in Sections 2.5.4 and 3.1.3, the minimum number of terms required
for convergence is N = 4L+2. Table 5.2 includes values of N > 4L+2 and shows how
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Figure 5.6: Normalised transmitted energy Ttot (curve 1, solid blue) for a pair of
gratings of inclusions of radius a and normalised reflected energy Rtot (curve 2,
dashed green) for a single grating of inclusions as functions of β for separation
ηd = 1 and L = 2. Data used: (a) a = 0.1, (b) a = 0.01.
Table 5.2: Resonant frequencies β∗ and the corresponding Q-factors for normal inci-
dence for a pair of unshifted gratings with a = 0.2 and η = 1. In this table d = 1, L is
the order of truncation and N is the number of terms used in the grating sums.
N L Resonant wavenumber Q
14 2 β∗ = 5.588509 2.23× 103
3 β∗ = 5.628505 1.68× 104
4 β∗ = 5.6344885 1.065× 104
5 β∗ = 5.6346574 1.076× 104
6 β∗ = 5.6346574 1.076× 104
7 β∗ = 5.6346574 1.076× 104
20 2 β∗ = 5.588637 2.245× 103
3 β∗ = 5.6286498 1.716× 104
30 2 β∗ = 5.588709 2.253× 103
3 β∗ = 5.628729 1.736× 104
4 β∗ = 5.6347141 1.09× 104
5 β∗ = 5.6348829 1.103× 104
6 β∗ = 5.6348829 1.103× 104
7 β∗ = 5.6348829 1.103× 104
40 2 β∗ = 5.588733 2.255× 103
3 β∗ = 5.6287572 1.7425× 104
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Table 5.3: Resonant frequencies β∗ and the corresponding Q-factors for various pairs
of unshifted gratings for examples of oblique incidence. In this table d = 1.
θi a η Resonant wavenumber Q
30◦ 0 1 β∗ = 3.58221 5.42× 103
30◦ 0 2 β(1)∗ = 3.6174737 3.55× 104
β(2)∗ = 2.15950 10.4
30◦ 0.01 1 β∗ = 3.86164 238
30◦ 0.05 1 β∗ = 4.18486 253
20◦ 0.01 1 β∗ = 3.8507342 2.23× 104
20◦ 0.05 1 β∗ = 4.1606161 2.57× 103
15◦ 0.1 2 β(1)∗ = 4.011852 1.75× 103
β(2)∗ = 2.45092 639
10◦ 0.1 2 β(1)∗ = 3.963273 1.40× 103
β(2)∗ = 2.42564 626
the convergence of the resonance value β∗ depends on L and N .
5.4 Transmission resonance for pairs of aligned gratings:
oblique incidence
With the introduction of nonzero angle of incidence, additional physical eﬀects become
apparent. Firstly, from equations (3.80) and (3.82) it follows that, if η is fixed and
the angle of incidence θi increases, then χ0 decreases and thus the resonant value β∗
must increase to preserve the resonance transmission condition. Secondly, the range of
β values in which only the zeroth order of diﬀraction propagate changes according to
the equation
β−1 =
2π
d(1 + sin θi)
, (5.7)
with β required to be smaller than β−1 (see equations (2.23)-(2.27) in Section 2.4.1).
Thirdly, the angle of incidence θi may be used to bring the resonant frequency β∗
for a pair of gratings into proximity with the value for peak reflectance of a single
grating. Table 5.3 presents the results of computations of the resonance frequencies in
transmission and of the quality factors for pairs of aligned gratings (of zero shift).
In Fig. 5.7 we give the transmittance curves for a pair of rigid-pin gratings with the
separation being ηd = 2 and with the angle of incidence θi = 30◦, with corresponding
curves for ηd = 1 being given by Fig. 3.5 in this thesis. With the doubling of the
grating separation, the Q-factor goes up from 5.42× 103 to 3.55× 104. Note the very
strong contrast in the quality factors of the two transmission resonances in Fig. 5.7(a),
caused by the diﬀerence in the reflectance values of the single grating.
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Figure 5.7: Normalised transmitted energy Ttot (curve 1, solid blue) for a pair of
rigid-pin gratings and normalised reflected energy Rtot (curve 2, dashed red) for a
single grating of rigid pins as functions of β. Data used: η = 2, θi = 30◦, d = 1 and
L = 0. The diagram (b) is a blow-up of the sharp transmission resonance from (a).
For the particular inclusion radius a = 0.1 we show in Fig. 5.8 reflectance curves for
a single grating for angles of incidence ranging from 0◦ to 30◦. The possible frequency
range, for which the interference peak may be aligned with the almost total reflectance,
is 4.4 < β < 4.7 for 0◦ ≤ θi ≤ 15◦. Note that as the angle of incidence increases the
reflectance peak moves closer and closer to the position of the Wood anomaly whose
frequency is given by equation (5.7). Since this Wood anomaly marks the boundary
of the region where two orders propagate in both reflection and transmission, it then
becomes more and more diﬃcult to choose parameters giving a sharp transmission
resonance for a pair of gratings.
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Figure 5.8: Normalised reflected energy Rtot as a function of β for a single grating
with inclusions of radius a = 0.1 (with order of truncation L = 2) for the angle of
incidence (a) θi = 0◦ (curve 1, red), 7.5◦ (curve 2, blue), 15◦ (curve 3, black) and
(b) θi = 30◦ (curve 1, green), 25◦ (curve 2, blue), θi = 20◦ (curve 3, red).
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5.5 Controlling transmission resonances for triplets of grat-
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Figure 5.9: (a) Triplet consisting of three identical gratings of inclusions with
nonzero radius a; (b) triplet consisting of a central grating of inclusions of
nonzero radius a, surrounded by a pair of rigid-pin gratings; (c) triplet con-
sisting of a pair of gratings with inclusions of nonzero radius a surrounding a
grating of rigid pins.
In previous sections we have considered stacks in which all gratings were aligned. In
this section we generalise the discussion to non-aligned stacks, recalling the recurrence
procedure of Section 3.2 where the additional propagation matrix Q is used to account
for the lateral shift of the central grating. In the paper by Haslinger et al. (2012) the
propagation matrices shift the phase origin of the reflection and transmission matrices
by ±ηd/2 in the vertical direction and ξd/2 in the horizontal direction. Smith et al.
(2014) also place the phase origin halfway between the gratings whereas in this thesis,
we adopt the formulae (3.87) associated with the choice of phase origin in Fig. 3.4.
Either treatment is possible provided that the subsequent re-phasing is consistent with
the original choice.
Three types of triplets are considered here:
- triplets of identical gratings consisting of inclusions with the same nonzero radius;
- triplets consisting of an outer pair of gratings of rigid pins with a central grating
of inclusions with a nonzero radius;
- triplets with the central grating consisting of rigid pins surrounded by a pair of
gratings with inclusions of nonzero radius.
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Figure 5.10: Normalised transmitted energy Ttot (curve 1, solid blue) as a function of
β for normal incidence for a triplet of gratings of inclusions with a = 0.02, ηd = 1 and
L = 2. Curve 2 (dashed) represents normalised reflected Rtot for a single grating of
such scatterers: (a) aligned gratings, ξ = 0; (b) shifted central grating with ξ = 0.2.
The corresponding geometries are illustrated in Fig. 5.9.
5.5.1 Triplets of identical gratings
The results of computations of the transmitted energy, in normal incidence, for the
triplet of gratings of small inclusions of radius a = 0.02, are shown in Figure 5.10.
We observe a double peak, characterised by symmetric and anti-symmetric vibration
modes, so that the flexural wave within the triplet is an even or odd function of y, re-
spectively. A shift of the central grating results in a perturbative eﬀect on the frequency
for which enhanced transmission is observed. This shift in the double peak’s frequency
is illustrated in Fig. 5.10(b) where the central grating is shifted by ξ = 0.2 relative to
the outer pair. Although the change in the resonance frequencies in the diagrams (a)
and (b) appears to be small, we note that the anti-symmetric mode depends on the
longitudinal shift for the case of inclusions of nonzero radius.
As a consequence of the symmetry of the grating stack, we deduce that the res-
onant flexural vibration modes are either symmetric or anti-symmetric. The flexural
displacement for frequencies β(2)∗ = 3.93753 and β
(2)
∗ = 3.948562 for the right hand
peaks in Fig. 5.10 correspond to anti-symmetric flexural modes, whereas the other
two frequencies β(1)∗ = 3.857309 and β
(1)
∗ = 3.863065 correspond to symmetric flexural
modes.
The results given here for inclusions of nonzero radius diﬀer from those shown in
Chapter 4 and by Haslinger et al. (2012) for triplets of rigid pins. One of the main
diﬀerences is related to anti-symmetric flexural modes, which vanish on the central line
of the grating stack. The frequency of the transmission resonance for anti-symmetric
vibrations within the triplet of gratings of rigid pins is invariant with respect to a
horizontal shift of the middle grating. This feature disappears when the radius of
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Figure 5.11: (a) Normalised transmitted energy Ttot as a function of β for a triplet
of unshifted gratings of rigid inclusions with a = 0.01, ηd = 1, for θi = 30◦. Field
plots for transmission resonances: (b) a symmetric mode with β(1)∗ = 3.819908; (c)
an anti-symmetric mode with β(2)∗ = 3.93678.
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Figure 5.12: Normalised transmitted energy Ttot as a function of β for normal inci-
dence for a symmetric triplet with (a) a = 0 (normalised reflected energy Rtot for a
single grating of zero-radius scatterers is shown by the dashed curve) (b) a = 0.15
and (c) a = 0.20 for the central grating. Here ξ = 0, ηd = 1, and L = 2.
inclusions is nonzero.
These comments are exemplified in the field plots of Fig. 5.11, where for a triplet
of unshifted gratings of radius a = 0.01, we identify two resonance transmission peaks
for θi = 30◦. It is noted that the symmetric mode corresponds to a lower value of
β(1)∗ = 3.819908 than the anti-symmetric mode, which occurs at β
(2)
∗ = 3.93678. While
plane waves outside the grating stack have the orientation of the incident wave, inside
the stack the nodes and anti-nodes of the flexural displacement lie broadly parallel to
the y-axis.
5.5.2 Non-uniform triplets with rigid pins on the exterior boundary
We consider the triplet configuration shown in Fig. 5.9(b), where all three gratings are
aligned with each other (i.e. ξ = 0). The triplet has rigid-pin gratings on the outer
boundaries, and a grating of finite-size inclusions in the middle.
In order for this configuration to deliver sharp transmission resonances in normal
incidence it is necessary for the radius of inclusions in the middle grating to be around
0.20 or larger. This is evident from Fig. 5.12 where transmittance curves are compared
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Table 5.4: Resonant frequencies β∗ and the corresponding quality factors for triplets
of gratings with a middle grating consisting of finite radius inclusions, and an outer
pair comprising rigid pins. The relative lateral shift of the central grating is ξ and the
relative vertical separation between successive gratings is η.
θi a η ξ Resonant wavenumber Q
0◦ 0.2 1 0 β(1)∗ = 4.42186394 3.42× 104
β(2)∗ = 4.445547468 7.68× 105
0◦ 0.15 1 0 β(1)∗ = 4.22572 377
β(2)∗ = 4.26794 521
18◦ 0.1 1 0 β(1)∗ = 3.9995073 7.89× 104
β(2)∗ = 4.0416640 4.48× 103
18◦ 0.1 1 0.5 β(1)∗ = 4.06325990 4.79× 104
β(2)∗ = 4.10531818 1.99× 104
25◦ 0.01 1 0 β(1)∗ = 3.72273076 6.03× 105
β(2)∗ = 3.7251407 1.24× 104
for radii a = 0, a = 0.15 and a = 0.20. The transmission peaks for the rigid-pin triplet
in part (a) are far from being aligned with the maximal reflectance for the single grating
in normal incidence. To align the peaks, and thereby increase the quality factors of the
resonances, the radius of the inclusions is increased to a = 0.15 in part (b), and a = 0.20
in part (c). The data for resonant frequencies and Q-factors for these and other radii,
together with data for diﬀerent angles of incidence, are given in Table 5.4. Of the two
sharp peaks in Fig. 5.12(c) that at β(1)∗ = 4.42186394 has a Q-factor of 3.42× 104 and
corresponds to an anti-symmetric flexural mode. The other peak at β(2)∗ = 4.445547468
has the very high Q-factor of 7.68×105 and corresponds to a symmetric flexural mode.
High quality factor transmission resonances may be achieved either by specifying the
angle of incidence and then tuning the radius or by varying the angle of incidence for a
fixed radius. Examples of this can be seen in Table 5.4. In Fig. 5.13 we show field plots
of the flexural displacement for the third case of Table 5.4. The anti-symmetric mode
β(1)∗ = 3.9995073 in this case has a higher Q-factor (7.89 × 104) than the symmetric
mode (β(2)∗ = 4.0416640, Q = 4.48× 103).
5.5.3 Non-uniform triplets with rigid pins in the central grating
Triplets with a central grating of rigid pins have the important property that the
frequency of the transmission resonance associated with the anti-symmetric mode is
invariant with respect to the horizontal shift of the central grating. As the resonant
frequency of the symmetric mode is aﬀected by such horizontal shifts, they oﬀer a means
of controlling the frequency gap between these modes. We illustrate this property by
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Figure 5.13: Flexural displacement as a function of x and y for (a) an anti-symmetric
mode (β∗ = 3.9995073) and (b) a symmetric mode (β∗ = 4.041664). Data used:
central grating inclusions with a = 0.1, θi = 18◦ and ηd = 1.
studying the relationship between the transmission resonances of grating triplets and
those for the outer pair of gratings.
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Figure 5.14: Normalised transmitted energy Ttot as a function of β: (a) for a triplet
consisting of an outer pair of gratings with a = 0.1 and the central grating of rigid
pins (ηd = 1); (b) for the outer pair of gratings with a = 0.1 and η = d = 2. Data
used: θi = 15◦, L = 2.
In Fig. 5.14 we show total transmittance curves for an aligned triplet with the outer
gratings having a = 0.1 (part (a)) and for the structure with the central grating of rigid
pins removed (part (b)). The transmission resonance shown in part (b) occurs at β∗ =
4.011852 and it coincides with the leftmost peak in part (a). The flexural displacement
plotted in Fig. 5.15(a) for this mode confirms its anti-symmetric nature and shows also
its nodal line, coinciding with the central grating. The second transmission peak in
Fig.5.14(a), of course, corresponds to a symmetric mode, as confirmed in Fig.5.15(b).
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Figure 5.15: Flexural displacement as a function of x and y for a triplet consisting
of an outer pair of gratings with inclusions of radius a = 0.1 and a central unshifted
rigid-pin grating, for an angle of incidence of 15◦. (a) Anti-symmetric mode (β∗ =
4.011852); (b) symmetric mode (β∗ = 4.0496094). Data: ηd = 1 and L = 2.
Figure 5.16 illustrates two diﬀerent circumstances which can arise when the central
grating of pins is shifted with respect to the outer gratings of inclusions with nonzero
radius. In case (a) the angle of incidence is θi = 15◦ and the radius of inclusions is
a = 0.1. The anti-symmetric transmission resonance (peak 1) occurs at β∗ = 4.011852
for all values of ξ ∈ [−0.5, 0.5]. The symmetric mode resonance value is an even
function of ξ which moves to higher values of β as ξ increases from 0 to 0.5 (Peaks 2
and 3 correspond respectively to ξ = 0.25 and ξ = 0.5). Our calculations show that,
for this system, the positions of the anti-symmetric and symmetric resonance peaks do
not coincide for any values of ξ in this range. However, for the angle of incidence of
θi = 20◦ and the inclusion radius of a = 0.085, Fig. 5.16(b) shows that the symmetric
transmission resonance peaks for ξ = 0.25 (peak 2) and ξ = 0.5 (peak 3) bracket the
position of the anti-symmetric resonance (peak 1). Therefore, the symmetric and anti-
symmetric resonances can be brought into a coincidence for a value of ξ in the interval
between 0.25 and 0.5.
5.6 Shifted systems of gratings and the EDIT phenomenon
By adjusting the shift parameter ξ, the resonant frequencies of the two modes can
be aligned. For the case of rigid-pin triplets, three types of resonance coincide: the
symmetric and anti-symmetric resonances occurring in the entire triplet, and the anti-
symmetric resonance for the outer pair of gratings. It should also be noted that for
examples of EDIT where the transmission resonances are well aligned with the single
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Figure 5.16: Normalised transmitted energy Ttot as a function of β for two shifted
triplets, ξ = 0.25 (solid blue) and ξ = 0.5 (solid red), containing a central grating of
rigid pins (ηd = 1). (a) Angle of incidence θi = 15◦, outer scatterer radius a = 0.1;
(b) θi = 20◦, a = 0.085.
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Figure 5.17: EDIT: normalised transmitted energy Ttot (solid black curve) as a
function of β for a shifted rigid-pin triplet with ξ = 0.25200 for θi = 30◦. The two
peaks represent the transmission resonances for the outer pair (solid blue) and the
inner pair (dashed).
grating reflectance peak, in accordance with Fabry-Pe´rot theory, the resonance for the
pair of shifted gratings making up one half of the triplet also coincides with the other
resonances. This latter resonance is linked to the triplet’s even mode, as observed in
Section 4.2.1 and shown in Figs. 4.7 and 4.8. However its coincidence with the other
resonances is not observed for weaker forms of EDIT for which the peaks have lower
Q-factors.
Figure 4.10 illustrates the EDIT eﬀect for a rigid-pin triplet, with the coincidence
of the three types of resonance resulting in the normalised transmitted energy be-
ing negligibly small at the characteristic minimum. We show the additional broader
transmission resonance peak associated with the half-triplet’s symmetric mode here in
Fig. 5.17. The triplet’s modes are shown by the solid black curve; they interfere de-
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Figure 5.18: Normalised transmitted energy Ttot (curve 1, solid blue) as a function
of β for a triplet with a shifted central grating of rigid pins and the outer pair of
gratings of inclusions of radius a = 0.01. Curve 2 (solid red) represents the total
transmittance for the outer pair of gratings. Data used: (a) ξ = 0.3112, θi = 27◦.
(b) ξ = 0.23265, θi = 26◦.
structively resulting in EDIT’s characteristic high Q dip. The outer pair’s odd mode is
represented by the blue curve and the inner pair’s broader resonance peak is illustrated
by the dashed curve.
We now show that it is possible to obtain a strong EDIT eﬀect for grating triplets
containing inclusions of finite radius. To construct examples of this, it is preferable to
use triplets with the outer gratings having inclusions of small but nonzero radius, with
the central grating consisting of rigid pins. Note that, if the inclusions in the outer
gratings are not suﬃciently small, the resonances of the anti-symmetric and symmetric
modes can be made to coincide, but the transmittance peaks on either side of the zero
transmittance point are quite weak.
We have been able to achieve striking examples of the EDIT phenomenon for triplets
using inclusions with radius a = 0.01 for the outer pair of gratings. The results for
an initial design with an angle of incidence of 27◦ are given in Fig. 5.18(a) while the
results for an optimised system are shown in Fig. 5.18(b) for the angle of incidence of
26◦. The transmittance notch in the latter case has an extremely high quality factor
(around 1.80 × 105), five times the Q-factor for the rigid-pin triplet of Fig. 4.10. We
give the field plots in Fig. 5.19. The plot in part (a) shows the anti-symmetric mode
for the outer pair of gratings, which is a plane propagating wave above and below the
pair. The corresponding plot (part (b)) for the triplet shows a standing wave above
the triplet and an evanescent field below it.
5.7 EDIT examples without rigid pins
Shortly after the journal paper Haslinger et al. (2013a) was accepted for publication,
we were able to determine examples of EDIT for grating systems with nonzero-radius
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Figure 5.19: (a) Flexural displacement as a function of x and y for a pair of gratings
consisting of inclusions of radius a = 0.01 with grating separation ηd = 2 for β∗ =
3.748779850. (b) Flexural displacement as a function of x and y for a triplet with
a shifted central grating of rigid pins (ξ = 0.23265) and the outer pair of gratings
consisting of inclusions of radius a = 0.01 for β∗ = 3.748779784, ηd = 1. Data:
θi = 26◦.
inclusions, rather than those containing a central grating of rigid pins. The process is
more diﬃcult because altering the control parameter ξ shifts both the symmetric and
anti-symmetric resonance modes, but importantly, the anti-symmetric mode is aﬀected
less than the symmetric one.
In Fig. 5.20(a), we consider a triplet with an outer pair consisting of inclusions of
radius a = 0.01, and a central grating with a = 0.0035. Two shifts of the central
grating are illustrated, ξ = 0.4 shown by the red curve, and ξ = 0.42 in blue. It is clear
that there is no invariant mode, but the odd mode has a higher value of β and is being
perturbed more slowly than the even mode, which is brought closer to its partner by
an increase in ξ. By tuning this value of ξ carefully, we show the characteristic dip to
zero transmittance of the EDIT phenomenon for the alignment of the two modes at
ξ = 0.45556 in Fig. 5.20(b).
We note that although this is one of the best examples we have demonstrated for
a 3-grating stack of nonzero-radius scatterers, the characteristic peak in transmission
is suppressed (around 80%) in comparison with the systems involving rigid pins (see
Figs. 4.10 and 5.18(b) both with around 90% for example). In addition, the symmetry
of the two peaks is harder to refine, and it is time-consuming to locate EDIT phenomena
for systems of gratings with nonzero-radius scatterers because of the sensitivity of both
resonances to the shift parameter.
However it is a significant step forward in demonstrating the EDIT phenomenon
111
3.88 3.90 3.92
0.2
0.4
0.6
0.8
1.0
3.890 3.895 3.900 3.905 3.910
0.2
0.4
0.6
0.8
1.0
(a) (b)
Ttot Ttot
ββ
Figure 5.20: Normalised transmitted energy Ttot as a function of β for a triplet with
a shifted central grating of finite radius inclusions with a = 0.0035, and an outer
pair of gratings of inclusions of radius a = 0.01, θi = 26◦. Data used: (a) ξ = 0.4
(red curve), ξ = 0.42 (blue curve); (b) ξ = 0.45556.
for systems that may be manufactured, and in the next chapter, we take several strides
forward. We discuss how the EDIT phenomenon for rigid-pin systems is determined
using an extremely eﬃcient method with quasi-periodic Green’s functions. This sug-
gests that a similar approach may be adopted for the nonzero-radius structures we
ultimately seek to fabricate.
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Chapter 6
Symmetry and resonant modes in
platonic grating stacks
In this chapter, we study the flexural wave modes existing in finite stacks of gratings
containing rigid zero-radius pins. We treat the stack of gratings as a structured waveg-
uide. For a stack of rigid pins, a quasi-periodic Green’s function is employed to derive
the dispersion equation for Bloch waves within the system. We group the modes into
even and odd classes, and derive dispersion equations for each. The solutions of the
eigenvalue problem correspond to complex resonances close to the real axis. A con-
nection is established with the transmission problem by identifying parameters of the
grating stack and of the incident wave, to generate a transmission resonance linked to
the trapped Bloch wave within the structured waveguide. We discuss how the combi-
nation of the two methods ensures that the EDIT interaction may be steered over a
wider range of frequencies and angles, and located more eﬃciently.
A limitation of the investigations conducted in Chapters 4 and 5 is that the EDIT
phenomenon is limited to a narrow range of frequency and angle of incidence values. We
show how to remove these restrictions, and demonstrate that the EDIT phenomenon
can be steered over a wide range of these two parameters. This combined propagation /
scattering approach unifies the material of this thesis such that the EDIT phenomenon
is now observable via a prescribed method, rather than being a filtering eﬀect dependent
on specific parameter settings.
The structure of the present chapter is as follows. In Section 6.1, we consider the
concept of a structured waveguide (introduced in Section 3.3) and give the plane wave
expansion of the Green’s function for the biharmonic equation. This will be employed
in later sections, replacing the cylindrical function expansion used by Movchan et al.
(2009), Haslinger et al. (2012), (2013a,b). In Section 6.2, we consider stacks of three
gratings of rigid pins, with the central grating not necessarily aligned with the outer pair
of gratings. We construct the dispersion equations for modes in the triplet, considering
both modes which are even and odd as functions of the coordinate y (see Fig. 5.2)
orthogonal to the gratings. These modes correspond to complex resonances close to
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the real axis. We investigate the conditions for odd and even modes to coincide since
their coincidence yields EDIT in the scattering problem. In Section 6.3, we concentrate
on triplets in which all three gratings are aligned. In Section 6.4, we describe the
procedure we have developed which enables us to steer modes in general and the EDIT
phenomenon in particular over a wide range of angles and frequencies.
The method involves choosing (say) the angle of incidence, then finding the fre-
quency parameter which delivers a single-grating reflectance as close as desired to unity.
The grating separation in the triplet stack is then chosen to make the frequency pa-
rameter correspond to a resonance of the odd mode in the triplet. The final step is to
shift the central layer to move the frequency of the even mode to the desired value. We
demonstrate the eﬀectiveness of this strategy for angles of incidence ranging from 1◦ to
60◦, for which the biharmonic spectral parameter β varies from 4.454 down to 2.947. A
preliminary account of some of the results presented here were given in the conference
paper by Haslinger et al. (2013b).
6.1 Structured waveguide
Recall Section 3.3 where we consider a waveguide consisting of gratings of rigid pins.
A finite number of platonic gratings, which may be shifted relative to one another, are
considered and we are primarily interested in a triplet (Fig. 6.1) because there are sim-
ilarities with the scattering problem for which we identify extremely narrow frequency
bands that support transmission resonances. The combination of the specific angle of
incidence θi and its corresponding spectral parameter β means that each transmission
peak is defined by a specific value of the Bloch parameter α0 = β sin θi.
The quasi-periodic Green’s function (3.94)-(3.98) is used to derive the dispersion
equation for Bloch modes within the rigid-pin system. The modes take the form of
complex resonances close to the real axis, and we classify them as even and odd modes.
We repeat the plane wave form of the quasi-periodic Green’s function below, for the
convenience of the reader.
6.1.1 Grating Green’s function: plane wave form
We consider a single grating of rigid pins as a line of point forces with constant separa-
tion d, as discussed in Section 3.3.1. Therefore we use a quasi-periodic Green’s function
G(x, y;α0,β) for the biharmonic operator, satisfying the equation
(∆2 − β4)G(x, y;α0,β) + δ(y)
∞￿
n=−∞
δ(x− nd) exp{iα0 nd} = 0, (6.1)
where α0 is the Bloch parameter and β is the spectral parameter associated with the
frequency ω by β2 = ω
￿
ρh/D. For the waveguide approach, it is suﬃcient to use the
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Figure 6.1: Example of a triple grating waveguide. The elementary cell is indicated by
the dashed rectangle.
plane wave form, rather than the spatial form which incorporates Bessel functions and
grating sums. The spectral form of the Green’s function is
G(x, y;α0,β) =
1
2β2
￿
1
2id
∞￿
n=−∞
1
χn
ei(αnx+χn|y|) +
1
2d
∞￿
n=−∞
1
τn
eiαnx e−τn|y|
￿
, (6.2)
where
αn = α0 +
2πn
d
, (6.3)
χn =
￿￿
β2 − αn2 , αn2 ≤ β2,
i
￿
αn2 − β2 , αn2 > β2, (6.4)
τn =
￿
β2 + α2n. (6.5)
As mentioned by Evans & Porter (2007), the Green’s function for the biharmonic
operator is cubically convergent, given that the two sums are considered together, even
though the sums for the Helmholtz and modified Helmholtz parts are not absolutely
convergent unless combined. We also note that it is necessary to use a far greater
number of terms for evaluations of the Green’s function for the central grating than for
other gratings within a stack (typically 1000 and 20 respectively).
Our general structure consists of two layer stacks (LS) and a symmetry breaking
layer (SBL) as shown by Fig. 3.1. The identical layer stacks contain a finite number of
periodic gratings N and act as symmetric mirrors. Note that with the mirror systems
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chosen to preserve up-down symmetry, there is always an odd number of layers. Of
course the simplest example is when N = 1, producing a triplet, shown in Fig. 6.1.
6.2 Mode symmetry in a general triplet stack
The elementary cell for the general triplet is illustrated in Fig. 6.1. The period of each
grating is d and the relative vertical separation between gratings is η. The relative
lateral shift of the central grating (or SBL) is denoted by ξ. We denote the amplitude of
the flexural displacement by u to distinguish it from the scattering model in Chapters 2
to 5 where we use W , but we remind the reader that in both cases the factor e−iωt has
already been accounted for. We express u as the sum of three quasi-periodic Green’s
functions:
u =
1￿
j=−1
Aj G
(j) (x, y; α0, β), (6.6)
where Aj are coeﬃcients to be determined for each Green’s function G(j). In terms of
the canonical Green’s function G(x, y) evaluated for the points (nd, 0) on the horizontal
axis, we have
G(1)(x, y;α0,β) = G(x, y − ηd;α0,β),
G(0)(x, y;α0,β) = G(x− ξd, y;α0,β),
G(−1)(x, y;α0,β) = G(x, y + ηd;α0,β).
(6.7)
At each pin, it is required that u = 0. We therefore take the elementary column cell
incorporating the central pin of each of the constituent gratings such that
u
￿￿￿￿￿
x=a (m)
=
1￿
j=−1
AjG
(j) (a (m); α0, β) = 0, where m = −1, 0, 1. (6.8)
Here a (0) = (ξd, 0) and a (±1) = (0,±ηd). This is equivalent to the matrix equation
MA = 0, (6.9)
where A is the column vector of coeﬃcients Aj and
M =

G(0, 0) G(−ξd, ηd) G(0, 2ηd)
G(ξd,−ηd) G(0, 0) G(ξd, ηd)
G(0,−2ηd) G(−ξd,−ηd) G(0, 0)
 =
M11 M12 M13M21 M11 M21
M13 M12 M11
 . (6.10)
Here we have used the identity G(x,−y) = G(x, y); the arguments α0 and β in the
representation of the matrix elements Mij are left implicit.
Note that the elements M12 and M21 generally diﬀer if the central layer is shifted
with respect to the upper and lower layers. An exception to this arises for normal
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incidence when α0 = 0. From equations (6.3)-(6.5) we see that when α0 = 0 then
α−n = −αn, χ−n = χn, and τ−n = τn. It then follows that
M12 = G(−ξd, ηd) =M21.
If the gratings are all aligned (ξ = 0), or we deal with the case α0 = 0, the matrixM
has a symmetric To¨plitz structure. This would be the case regardless of the number of
gratings chosen for the mirror layers which are placed symmetrically above and below
the SBL. In the analysis below we focus on the three-gratings stack.
6.2.1 Odd and even Bloch modes
The matrix M has three eigenvalues:
λ1 =M11 −M13, λ± = 1
2
(2M11 +M13 ±
￿
8M12M21 +M213). (6.11)
The eigenvector corresponding to λ1 is
vodd =
−10
1
 , (6.12)
and has odd symmetry. The other two vectors have even symmetry:
v−even =
 1￿−M13 −￿8M12M21 +M213￿/(2M12)
1
 , (6.13)
and
v+even =
 1￿−M13 +￿8M12M21 +M213￿/(2M12)
1
 . (6.14)
The dispersion curves for Bloch modes correspond to the condition that the eigen-
values of M are zero. Thus for the odd mode, the dispersion curve corresponds to the
condition:
M11 −M13 = 0. (6.15)
For the even modes, the dispersion curves correspond to
2M11 +M13 ±
￿
8M12M21 +M213 = 0. (6.16)
The even eigenvectors for the shifted waveguide are not orthogonal, whereas they are
for the unshifted case when M12 =M21.
6.2.2 Analogue of EDIT for waveguide
In accordance with the conditions required for the EDIT eﬀect within the scattering
problem, it is natural to consider the coincidence of the even and odd symmetries of
the Bloch modes. We initially summarize the results for the coincidence of two even
modes, since the general result (6.12)-(6.14) indicates that the triplet supports one odd
Bloch mode, and two even modes.
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Condition for even modes to coincide
The condition for the two even modes to coincide is
2M11 +M13 −
￿
8M12M21 +M213 = 2M11 +M13 +
￿
8M12M21 +M213 = 0.
This gives us the conditions
M13 = −2M11 and M21 = − M
2
11
2M12
, (6.17)
from which we obtain the matrix
M =

M11 M12 −2M11
− M2112M12 M11 −
M211
2M12
−2M11 M12 M11
 , (6.18)
which has a double zero eigenvalue and a nonzero eigenvalue 3M11. The matrix is
defective and has only two eigenvectors: 1M11
M12
1
 ,
−10
1
 . (6.19)
This shows that it is impossible for the two even modes of the triplet to have an avoided
crossing, since for this to occur the null space of the matrix M at the crossing would
have to have dimension two.
Condition for even and odd modes to coincide
For the odd mode dispersion curve, we have the condition M11 −M13 = 0 and the
matrix
M =
M11 M12 M11M21 M11 M21
M11 M12 M11
 . (6.20)
For an even mode’s dispersion curve, we have M12 =M11(M11+M13)/2M21 so for the
coincidence of an odd and an even mode, M12 =M211/M21 and
M =

M11 M12 M11
M211
M12
M11
M211
M12
M11 M12 M11
 , (6.21)
which has eigenvalues 0, 0 and 3M11, with corresponding eigenvectors−10
1
 ,
−M12M111
0
 ,
 1M11
M12
1
 . (6.22)
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Figure 6.2: Contours for logarithm of modulus of M11 − M13 (solid), and of
2M12M21 − M11(M11 + M13) (dashed) for a shifted three-grating stack of rigid
pins (ξ = 0.25200, d = 1), as a function of α0 and β. The circle corresponds to
(α0,β) = (1.808735, 3.61747).
The coincidence of the other even mode and the odd mode occurs with eigenvalues 0,
0 and −3M11 with the corresponding eigenvectors−10
1
 ,
 M12M111
0
 ,
 1−M11M12
1
 . (6.23)
EDIT example
An illustrative example is shown in Fig. 6.2. The dispersion curves for the odd modes
are defined by equation (6.15) where the matrixM is determined over a range of β and
α0 values. The matrix elements are complex, and their moduli are close to zero, being
of the order ≤ 10−3. Therefore we plot the logarithm of the modulus of condition (6.15)
as contours, taking the most negative value to be the best approximation to the zero
that we seek. We do the same for the even dispersion curves (6.16), and identify where
the two critical level curves intersect.
In Fig. 6.2, the odd modes are represented by the solid contours, and the even dis-
persion curves are represented by the dashed contours. It is clear that the odd modes’
contours concentrate around, and bracket a bare region, whereas the even modes’ con-
tours are more evenly spaced, but also bracket a bare region containing the closest
approximation to the zero. The surfaces shown in Fig. 6.3 highlight this diﬀerence
between the odd and even modes. The odd modes’ characteristic dispersion curve (the
valley) is more pronounced than the even modes’.
The trapezoid region bounded by the odd mode contours (log of the modulus of
condition (6.15), -12.88) and the even mode contours (log of the modulus of condi-
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Figure 6.3: Surface plot of the logarithm of the modulus of (a) M11−M13 (odd mode)
(b) 2M12M21−M11(M11+M13) (even mode) for the shifted three grating stack of rigid
pins (ξ = 0.25200, d = 1), as a function of α0 and β.
tion (6.16), -14.455) in Fig. 6.2 contains the point identified from the scattering model
of the same triplet as (α0, β) = (1.808735, 3.61747), an example of EDIT for θi = 30◦
with lateral shift ξ = 0.25200 of the central grating (Figs. 4.10 and 5.17). This example
demonstrates the correspondence between the two methods, the scattering model and
waveguide approach. The intersection of the contour plots for the waveguide’s Bloch
modes is used to rapidly identify a potential region for the EDIT eﬀect in the analogous
scattering problem using the Bloch parameter equation α0 = β sin θi. The fine tuning
of the eﬀect with the shift parameter ξ is then implemented to accurately evaluate the
EDIT spectral parameter β for the scattering of the plane wave.
We note that we have not yet been successful in locating examples of two even
modes coinciding.
6.2.3 Matrix elements near light lines
It is useful to understand the behaviour of matrix elements near light lines (see Sec-
tion 2.5.5), where the matrix elements diverge. In fact, the elements contain terms
which go as
− 1
4β2
eiχm|p−n|d
iχm
, where χm =
￿
β2 −
￿
α0 +
2πm
d
￿2
. (6.24)
At the light lines, the χm go to zero for a particular value of m, being real if β is
below the light line, and imaginary if β is above the light line. This will then give
either a divergent term in the real part or the imaginary part of every element of M.
Putting Xm = eiχmd, we find that the matrix M contains a scaling term which goes as
−1/(4β2iχm) times the light line matrix:
MLL =
 1 Xm X2mXm 1 Xm
X2m Xm 1
 . (6.25)
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This matrix has respective eigenvalues and eigenvectors
1−X2m,
1
2
(2 +X2m −Xm
￿
8 +X2m),
1
2
(2 +X2m +Xm
￿
8 +X2m), (6.26)
−10
1
 ,
 112 ￿−Xm −￿8 +X2m￿
1
 ,
 112 ￿−Xm +￿8 +X2m￿
1
 . (6.27)
Approaching the light line, the eigenvalues tend to 0, 0, 3 and the eigenvectors tend to
1√
2
−10
1
 , 1√
6
 1−2
1
 , 1√
3
 11
1
 . (6.28)
We note that these eigenvectors are written in the symmetrized form.
6.3 Mode symmetry in an unshifted triplet stack
We consider the modes of the triplet, with the gratings all aligned, leading to a structure
with up-down and left-right symmetry. The Green’s function matrix in this case is
complex and symmetric:
M =
M11 M12 M13M12 M11 M12
M13 M12 M11
 . (6.29)
The results of Section 6.2 can be used for this special case, with M12M21 being
replaced by M212. The crossing of the odd mode trajectory with that of the even
mode occurs when M11 = M13, M12 = M11, and for the eigenvalues 0, 0, 3M11 the
eigenvectors are
1√
6
 1−2
1
 , 1√
2
−10
1
 , 1√
3
 11
1
 . (6.30)
For the alternative even mode, the eigenvalues are the same, and the eigenvectors are
1√
6
 12
1
 , 1√
2
−10
1
 , 1√
3
 1−1
1
 . (6.31)
An example for the unshifted triplet is shown in Fig. 6.4 where the level curves for
the odd mode are solid and those of the even mode are dashed. The mode contours
intersect near a point identified from reflection and transmission properties of the stack
as being (α0,β) = (1.66451, 3.596951). Note that the resonant even mode in this case
corresponds to the first eigenvector in equation (6.31).
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Figure 6.4: Contours for logarithm of modulus of M11 −M13 (solid), and of 2M212 =
M11(M11+M13) (dashed) for an aligned three grating stack of rigid pins (d = 1, ξ = 0),
as a function of α0 and β. The circle corresponds to (α0,β) = (1.66451, 3.596951).
Figure 6.5: Surface plot of the logarithm of modulus of M11−M13 for an aligned three
grating stack of rigid pins (d = 1, ξ = 0), as a function of α0 and β.
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Figure 6.6: Surface plot of the logarithm of modulus of M11−M13 for an aligned three
grating stack of rigid pins (d = 1, ξ = 0), as a function of α0 and β, giving the odd
mode trajectory in the vicinity of the light line.
6.3.1 Surface plots
The surface plots in Figs. 6.5 and 6.6 show the values of log |M11 −M13| as functions
of α0 and β. Deep valleys in the surface plots can be identified with regions where
there is a well defined minimum and thus a well-identified mode. Fig. 6.5 shows the
region just after the crossing point of even and odd modes of Fig. 6.4, with this valley
corresponding to the odd mode. In Fig. 6.6 we have moved to larger β values, and
are approaching the region of intersection of the light lines associated with grating
diﬀraction orders −1 and 0. Note that the odd mode minimum gradually gets weaker
and weaker as we approach the intersection region.
6.3.2 Projection method for even modes
We discuss methods to overcome the loss in resolution of the modes, illustrated for an
odd mode in Fig. 6.6. Our first attempt to overcome this problem, arising from the
reduction of the single grating’s reflectance, used a projection method, based on the
observation that the eigenvectors of each mode vary only weakly with β and α0. For
the normalized column eigenvectors identified in equations (6.28), (6.30) and (6.31)
(denoted generically by v) we form the projection
p(v) = vTMv, (6.32)
with the superscript T denoting the transpose. This scalar just gives the estimate for
the eigenvalue corresponding to v, assuming the accuracy of the eigenvector.
We consider the case of α0 = 2.1 which supports two resonance modes in the
corresponding scattering model, one even and one odd. The two modes are illustrated
by the blue curve (the right-hand pair of peaks) in Fig. 6.7(a), and it is simple to
classify the corresponding Bloch modes in the waveguide using equations (6.29)-(6.31).
We consider the scattering and waveguide approaches concurrently in the remainder
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Figure 6.7: (a) Normalised transmitted energy Ttot versus spectral parameter β for
a triplet of rigid pins (d = 1, ξ = 0) with α0 = 2.1 (blue curve / right-hand pair),
α0 = 2.3 (black curve / central pair) and α0 = 2.5 (red curve / left-hand pair). The
corresponding curves for the reflectance of a single grating of rigid pins are dashed. (b)
Log|p(v)| from equation (6.32) for α0 = 2.1.
of this section. We determine the value of β corresponding to the resonance on the
right. We substitute this value β = 3.64581 into (6.29), obtaining the matrix M and
its corresponding eigenvalues and eigenvectors.
Referring to equation (6.15), one of the eigenvalues corresponds to a resonant mode,
and its corresponding eigenvector matches up with the odd eigenvector defined by equa-
tion (6.12). We confirm that this mode is odd by using equation (6.32) and plotting the
logarithm of the modulus of vTMv, where v is the odd mode taken from equation (6.30)
or (6.31). This is shown in Fig. 6.7(b) and the minimum occurs at around β = 3.646,
the small discrepancy with the transmission resonance’s value arising because of the
slight diﬀerence in the eigenvectors.
The other resonance for α0 = 2.1 possesses a higher Q-factor, as can be observed
qualitatively in Fig. 6.7(a), with β = 3.473136. We expect this mode to be of even
type, with the characteristic equation (6.16). The corresponding eigenvector is one of
the four types described by equations (6.30) and (6.31). We note that these even modes
are of the form
vA =
1√
A2 + 2
 1A
1
 ,
with A in the range −2 ≤ A ≤ 2. We plot the surface for the logarithm of the modulus
of vTAMvA with −2 ≤ A ≤ 2 and β in a range including the transmission resonance’s
frequency β = 3.473136 in Fig. 6.8(a). The result indicates that A = 2 defines the
correct eigenvector and this can be confirmed by filling the matrix M and determining
the corresponding eigenvalues and eigenvectors.
We observe a zero eigenvalue for an eigenvector matching the first eigenvector of
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Figure 6.8: (a) Log|p(vA)| with α0 = 2.1 (d = 1, ξ = 0), 3.4 ≤ β ≤ 3.6 and −2 ≤ A ≤ 2.
(b) Log|p(v)| versus β for vT = 1/√6(1, 2, 1).
equation (6.31). This indicates that the even mode arises from the equation
M12 = −
￿
M11(M11 +M13)/2, (6.33)
and if we apply equation (6.32) to vT = 1/
√
6(1, 2, 1), we obtain the result matching
the resonance frequency in Fig. 6.8(b). We have therefore classified the two modes
arising for this example of α0 to be odd, defined by the equation M11 −M13 = 0, and
even defined by equation (6.33).
In general, the odd and even modes arise due to these two conditions and the
corresponding dispersion curves are illustrated in Fig. 6.9. This initial method is useful
for classifying the nature of modes and locating the possibility of EDIT eﬀects where
the modes coincide, but is only reliable for a narrow range of parameters for η = 1
with d = 1. Referring to Fig. 6.9, the results for 1.2 ≤ α0 ≤ 2 are well defined, but
outside of this region, the valleys characterizing the Bloch modes’ dispersion curves
become shallower, and the resonances become broader and lose resolution. This can
be seen in Fig. 6.7(a) where the transmission peaks are not aligned with the maxima
for reflectance for a single grating, as well as in Figs. 6.6, 6.7(b) and 6.8(b) where the
minima have relatively small magnitudes. We have developed a method that solves the
two problems of mode symmetry classification and loss of high Q simultaneously, and
it is described below. This superior method involves optimizing the relative grating
separation η.
The evolution of mode behaviour from that characterized by narrow and deep min-
ima to wide and ill-defined minima can be understood in terms of the reflectance of a
single grating of pins. If the reflectance Rg of the single layer is very high, then a pair
or triplet of gratings can support very well-confined guided waves between them. The
corresponding resonant behaviour will then have a high quality factor, corresponding
to a very localised region in (α0,β) space. If we use the analogy with the classical
Fabry-Pe´rot interferometer of Section 2.4.4 equation (2.33), the transmittance of a pair
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Figure 6.9: Dispersion diagram for a waveguide consisting of an unshifted triplet
with the horizontal axis representing α0 in the range 0.5 ≤ α0 ≤ 3, and β on the
vertical axis in the range 3 ≤ β ≤ 3.8. The dashed curve represents the odd modes,
and the blue curve, the even modes.
is given by
T2 =
1
1 + F sin2(δ/2)
, where F =
4Rg
(1−Rg)2 (6.34)
is related to the finesse of the interferometer, and δ corresponds to the round-trip phase
accumulated between the plates (see Section 2.4.4). In terms of resonant poles of the
expression (6.34), these will occur when δ = 2nπ ± i/√F , so that the poles move
away from the real β axis in a way which scales as 1 − Rg. The bigger the finesse
is, the narrower the resonance, and the closer it lies to the real axis. This model is
useful qualitatively, but is not quantitatively accurate, since it applies to unstructured
mirrors and the Helmholtz equation, and not to stacked gratings and the biharmonic
plate equation.
6.4 Optimized method to steer waveguide modes
The building block for the transmission problem and the waveguide is the single grating,
which, provided its reflectance is high, will then support the trapping of waves between
multiple gratings with little leakage of energy. This idea allows the development of
a simple procedure to construct 3-element systems that support the EDIT eﬀect with
extraordinarily high Q resonances. For a given angle of incidence θi, or Bloch parameter
α0 for the analogous waveguide, we start by determining the value of β = βg for
Rg = |R0|2 = 1 for the single grating (where 0 is the only propagating order). In the
examples that follow we evaluate this reflectance to at least ten decimal places.
We then take βg and vary the separation parameter η to find 2η∗ that determines
the geometry for a pair of gratings to support an optimized trapped mode of odd up-
down symmetry. This mode possesses an extremely high Q-factor and is also that of the
outer pair of gratings of a triplet, for which an even mode arises for the same geometry
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Figure 6.10: Normalised transmitted energy Ttot versus spectral parameter β for an
unshifted triplet (ξ = 0) of rigid pins with α0 = 2.1 and d = 1 and: (a) η = 1 ; (b)
optimized resonances for a triplet with η∗ = 1.185266.
but for a diﬀerent value of β. We use the additional parameter of lateral shift of the
central grating ξ to align the odd and even modes to the same value of β, thereby
creating the EDIT eﬀect for the chosen angle of incidence.
An example of the second stage of this procedure for the scattering of a plane wave
by a triplet of rigid pins with d = 1 is shown in Fig. 6.10, which is one of three examples
illustrated in Fig. 6.7. The transmittance spectrum in Fig. 6.10(a) shows the vicinity of
two transmission resonances, the lower one in β being of even symmetry and the upper
one of odd symmetry. With the initial vertical separation of the gratings being ηd = 1,
the resonances have low Q-factors, since the single grating reflectance is significantly
below unity. In Fig. 6.10(b), the transmittance spectrum for an optimized value of η
shows the resonances after they have been moved into the high reflectance region for
the single grating: both have much higher quality factors.
A useful guide for optimizing the grating separation is the model from optics of
the dielectric slab waveguide studied in electromagnetic theory by, amongst others,
Marcuse (1972, 1974) and Tien & Ulrich (1973). In this model, a slab of dielectric of
thickness h, which is analogous to our grating separation ηd, and reflective index nf ,
is situated between a cover region of index nc and a substrate region of index ns below
it. Evanescent waves are present in the cover and substrate regions, but propagating
plane waves that satisfy the Helmholtz equation arise in the dielectric region bordered
by two boundaries x = 0 and x = h, on which consistency relations must be prescribed
(electromagnetic boundary conditions). For non-trivial solutions, i.e. for modes to be
trapped within the waveguide, a dispersion equation is derived from four equations.
In our case, where the propagating waves also satisfy the Helmholtz equation, the
situation is simplified by prescribing Dirichlet clamping conditions on x = 0 and x = h.
We therefore obtain two equations corresponding to x = h and x = 0:
Ae−iKfh + BeiKfh = 0, A + B = 0, (6.35)
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Table 6.1: Resonant frequencies βg and the corresponding optimal grating separation
η∗d for triplets of unshifted gratings for various angles of incidence θi. In this table,
d = 1. Note the good agreement between the separation equation’s h∗ for m = 1 with
η∗d.
θi βg α
g
0 h
∗ η∗d
0◦ 4.456001 0 0.705025 0.705251
3◦ 4.438147 0.232275 0.708833 0.709101
6◦ 4.387466 0.458615 0.719982 0.720367
9◦ 4.311191 0.674419 0.73779 0.738331
12◦ 4.217801 0.87693 0.761482 0.762182
15◦ 4.11476 1.06498 0.790427 0.79126
18◦ 4.007707 1.23845 0.824228 0.825150
21◦ 3.900536 1.39783 0.862728 0.863689
24◦ 3.79580 1.54389 0.905975 0.906927
27◦ 3.6950925 1.67754 0.954209 0.955108
30◦ 3.599363 1.79968 1.00784 1.00866
33◦ 3.509134 1.91121 1.06748 1.06818
36◦ 3.424645 2.01296 1.133905 1.134490
45◦ 3.205694 2.26677 1.38593 1.386185
60◦ 2.94716 2.55232 2.131946 2.131958
where Kf is the wave number. It follows that for nontrivial solutions, sin (Kfh) = 0
and therefore
Kf =
πm
h
,
where m is an integer. The analogue of Kf in our case is χf = β cos θf . Therefore for
zeroth order propagating modes, χ0 = β cos θi and we obtain the equation
h =
πm
β cos θi
=
πm￿
β2 − α20
. (6.36)
In Table 6.1 we show computed values for optimal grating separation η∗d and h∗ ob-
tained from equation (6.36) for m = 1, noting their excellent agreement.
Using Table 6.1, we can steer this mode by optimizing the separation as θi is altered.
This is illustrated in Fig. 6.11, where we show the even modes with the blue (lower)
curve, and the odd modes with the red (upper) curve. We observe that by optimizing
the separation, we obtain a pair of modes that retain their relative position (i.e. higher β
for the odd mode) as well as their very high Q-factors. The modes approach one another
very gradually, as can be seen by their proximity for α0 = 2.55, which corresponds to
θi = 60◦.
In the third stage of the EDIT steering procedure, the shift parameter ξ is used
to bring the two modes together. As a rough guideline, for each pair of odd and even
modes plotted in Fig. 6.11, a shift in the vicinity of ξ = 0.25200 is generally suﬃcient
to produce EDIT eﬀects. An example is shown in Fig. 6.12 for θi = 60◦ and d = 1,
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Figure 6.11: β versus α0 for odd (red) and even (blue) modes for optimized grating
separation η∗ for unshifted triplets (Data from Table 6.1).
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Figure 6.12: The logarithm of the modulus of the determinant of the matrix M as a
function of β for θi = 60◦, d = 1, η∗ = 2.131958 (a) ξ = 0 (b) ξ = 0.2476.
where the optimal shift is ξ = 0.2476. A fast way to find the optimal shift for high
quality resonances is through determinant plots of the type shown in Fig. 6.12. The
outer pair in this example has relative grating separation 2η∗ = 4.262.
The coincidence of the two modes shown in Fig. 6.12(b) for ξ = 0.2476 indicates the
presence of the EDIT phenomenon for the transmission diagram, and this is given in
Fig. 6.13(a), with a detailed plot of the central minimum shown in Fig. 6.13 (b). The
peaks of transmittance either side of the EDIT dip reach 100%, and the Q-factor of the
notch is an extraordinarily high 6.5 × 109. The Q-factor of the outer pair of gratings
is around 1.50 × 105, a factor of forty thousand lower than that of the notch. This
clear separation of scales in β sensitivity means that the transmittance curves seem
symmetric around the EDIT point, rather than having the asymmetric Fano shape (see
Fano 1961) expected of a rapidly varying term superposed on a slowly varying one.
In Figure 6.14 we show the variety of filtering curves which may arise for variations
of the shift parameter ξ in the neighbourhood of the EDIT value. The very sharp rise
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Figure 6.13: Optimized EDIT with θi = 60◦, η∗ = 2.13196 and ξ = 0.2476 with
d = 1. In (b), we replace β by 2.94715999 + ∆β, because the transmission minimum
is so narrow.
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Figure 6.14: Normalised transmitted energy Ttot versus spectral parameter β for a
triplet of rigid pins with d = 1, η = 1.00866 and θi = 30◦ for various shifts of the central
grating: (a) ξ = 0.22 (solid curve), ξ = 0.23 (dot-dashed curve) and ξ = 0.24 (dashed
curve) (b) ξ = 0.2285 (dot-dashed curve), ξ = 0.2287 (solid curve) and ξ = 0.2288
(dashed curve).
in transmittance from zero to unity which occurs when the shift is just below the EDIT
value is the result of the even mode resonance occurring just before the odd mode
resonance. This sharp rise might be useful in some filtering applications.
As the angle of incidence approaches zero, resonances due to the even modes be-
come increasingly sharp. This makes the task of locating and optimizing the EDIT
phenomenon increasingly diﬃcult. The transmission diagram shown in Fig. 6.15 is the
best we have been able to obtain for the angle of incidence θi = 1◦, and we have so far
been unsuccessful in detecting the EDIT minimum for exactly normal incidence.
We conclude by stressing that the procedure we have demonstrated for steering the
angle and frequency of the EDIT phenomenon makes it much more flexible than its
analogue of EIT in atomic physics, for which the frequency is fixed by the occurrence of
a set of appropriate energy levels. It may be that a similar procedure may be adapted
to solutions of the Helmholtz equation, and other wave-bearing equations.
130
4.45398 4.45399 4.45400 4.45401 4.45402Β
0.2
0.4
0.6
0.8
1.0
Ttot
Figure 6.15: Normalised transmitted energy Ttot versus spectral parameter β for a
triplet of rigid pins with d = 1 and θi = 1◦ for the optimized grating separation
η = 0.705679367 and the EDIT shift of the central grating ξ = 0.165868.
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Chapter 7
Conclusions and future work
We have discussed the propagation of flexural waves in thin structured elastic plates.
The periodic systems embedded in Kirchhoﬀ-Love plates, governed by the biharmonic
plate equation, are the elastic plate analogues of photonic crystals, and are known
as platonic crystals. The emerging field of platonics has numerous opportunities for
future research, with great strides having already been made, in particular, for two-
dimensional square arrays of circular scatterers, gratings, pinned plates and wave scat-
tering by single defects and finite clusters.
We have considered the generic case of a finite stack of periodic gratings, which
is a semi-infinite platonic crystal, within an elastic plate. We provided the method of
solution for the scattering of an incident plane wave by any finite number of platonic
gratings comprising circular inclusions or rigid pins. The method is also applicable
to arbitrarily-shaped inclusions and may be extended to point masses. The choice of
circular boundaries supports an elegant method of solution using cylindrical Bessel
functions, and demonstrates interesting and unusual filtering properties linked to the
physical eﬀects observed for photonic crystals in the field of optics. Photonic crystals
guide and disperse light, and it has been shown that platonic crystals are able to guide
and disperse flexural bending waves in plates in a similar way.
Various filtering eﬀects have been discovered for platonic systems. In this thesis we
have concentrated on the trapping and localisation of wave energy leading to resonant
behaviour. Strong energy localisation in waveguides of pinned plates has potential
applications in transporting wave energy over long distances. Hence there is great
interest in the fabrication of more complicated platonic crystals to achieve high Q-factor
wave trapping. High Q-factor structures have been widely researched in photonics (see
for example Akahane et al. (2003) and Mohammadi et al. (2009)), and there is now
interest in the platonic community.
Over the course of this thesis, by increasing the size and complexity of the grating
systems, we have seen Q-factors rise from around 5400 for a simple unshifted pair of
pinned gratings to more than 6× 109 for a pinned triplet exhibiting the novel filtering
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eﬀect EDIT (elasto-dynamically inhibited transmission). For scatterers with nonzero
radius, we have obtained Q-factors of order 105 but with future refinement in line with
the pinned cases we considered here, Q-factors comparable with those observed for
ultra-high-Q photonic cases by Song et al. (2005), of order 2×107, should be attainable.
Recently lensing, shielding and cloaking properties have also been demonstrated by,
amongst others, Smith et al. (2013), Antonakakis et al. (2013) and Colquitt et al.
(2014).
It is important to understand the wave behaviour through structured plates because
resonant behaviour of this magnitude is potentially destructive. It may be possible to
convert this high wave energy into forms that may be guided, trapped and harnessed for
more useful applications. Our early work focussed on transmission resonances directly
linked to the trapping of waves and the platonic analogue of Fabry-Pe´rot theory, where
the high reflectance of the individual elements of the system contributes to an increased
quality factor of the system’s transmission resonance.
A finely-tuned resonant behaviour is the EDIT eﬀect we have observed for certain
3-grating stacks. This phenomenon is characterized by a transmission peak with a
sharp central suppression region, akin to the phenomenon of electromagnetic induced
transparency (EIT), a quantum-mechanical eﬀect which arises in three-level atomic
systems. As discussed in the Introduction and Section 2.4.5, there are EIT analogues
in nano-optomechanical structures (NOMS) and in metamaterials, and we discovered
the platonic analogue in our paper Haslinger et al. (2012). The EDIT eﬀect has
formed a prominent part of our published papers, and has been refined, both in its
determination and quality, over the course of three papers presented here.
The most recent article by Haslinger et al. (2014) employed a novel method whereby
the modes generated by the scattering of an incident plane wave are compared with the
Bloch modes of a platonic strip waveguide. The connection of the two approaches yields
a more eﬃcient procedure to determine wave localisation and transmission resonances.
It follows that more complicated examples of EDIT are attainable, where parameters
such as the relative grating separation η and angle of incidence θi may be altered along
with the relative shift control parameter ξ.
A natural way to proceed with the investigation of EDIT is to broaden its appli-
cability to nonzero-radius gratings. Early examples were presented by Haslinger et
al. (2013a,b) and here in this thesis in Section 5.7, but the eﬃcient Green’s function
method of Section 3.3 and Chapter 6 has so far only been applied to pinned grating sys-
tems. It is envisaged that a similar method, with the Green’s functions being replaced
by multipole expansions, would be suitable for this step forward. It would also be in-
teresting to research whether the EDIT phenomenon is observable for grating systems
comprising point masses.
Another potential extension is to seek an analogue of electromagnetically induced
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absorption (see Section 2.4.5) for platonic strips. As mentioned at the end of Sec-
tion 6.2.2, we have so far been unsuccessful in locating examples of two even modes
coinciding, the case for which constructive, rather than destructive, interference would
arise. As mentioned by Taubert et al. (2012), the concept of electromagnetically in-
duced absorption (EIA) comes from atomic physics, where coherent coupling to the dark
state results in a narrow peak of enhanced absorption on top of the broader absorption
feature. EDIT, EIT and EIA are all special cases of Fano resonances, and considering
some of the transmission diagrams we have obtained (see Fig. 6.14 for example) one
would expect to locate EIA-analogues for flexural plates.
Platonic crystals have potential applications in the manufacture of seismic metama-
terials for anti-earthquake systems because of the shielding properties already demon-
strated by several researchers including Farhat et al. (2009, 2010) and more recently
by Antonakakis et al. (2013). The latter paper also refers to Dirac-like cones which
arise in the dispersion diagram for a square array of clamped circular scatterers. In
this case, they arise at triple crossings with a flat standing mode passing through the
vertex.
Dirac-like cones are usually limited to graphene-like hexagonal structures (Castro
Neto et al. 2009), but here we are talking about a square array, which is reminiscent of
the Dirac-like cones for photonic crystals studied by Huang et al. (2011), and phononic
crystals analysed by Liu et al. (2011). Very recent research by Smith et al. (2014)
extends this study of Dirac cones to platonic crystals with a triangular array of pinned
points in a plate. The medium is locally non-dispersive with the linear transparency
linked to the Dirac cone’s localised standing wave mode.
For applications of platonic studies to anti-earthquake systems, it is important to
research the properties of the associated surface waves. In the Introduction, we men-
tioned surface acoustic waves (SAW) travelling along the surface of an elastic material,
with an amplitude that typically decays exponentially with depth into the substrate.
These have been investigated recently by Lawrence et al. (2013) for photonic crystals,
with localised modes being demonstrated on the boundaries of the photonic crystal,
but which decay exponentially within the crystal. The surface flexural waves present
new challenges in the platonic analogues, and there are potential applications in trans-
porting wave energy away from points of impact.
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Appendix A
Grating sums and accelerated
convergence
A.1 Grating sums
The matrix of the Rayleigh system of equations (3.26)-(3.27) includes grating sums,
which represent periodicity of the grating and quasi-periodicity of the scattering prob-
lem. The definitions and computational formulae for these grating sums are based on
the method of Twersky (1961). We also refer to previous literature for guidance in
choosing appropriate truncation for both the multipole series and grating sums.
We assume that the order of truncation L for the Rayleigh system (3.26), (3.27) is
chosen according to the radius of the void. As mentioned in Section 2.5.4, Poulton et
al. (2010) provide tables for selecting the number of multipoles to achieve converged
frequencies for a doubly periodic square array consisting of perforations with non-zero
radii. These tables, which link the radius of the hole to the number of necessary
multipoles, are applicable to the stacks of gratings that we study here. We provide a
convergence table for a platonic triplet in Chapter 5. The multipole summation runs
from −L to L (2L + 1 terms). The accuracy of the solution to the system depends
on the precision with which we evaluate the incorporated grating sums. In the doubly
periodic array, Movchan et al. (2007) recommended calculating the lattice sums over
orders in the range −2L to 2L (4L+ 2 terms), and we adopt the same strategy here.
The grating sums used in this thesis are denoted by S(K,G)l−n and S
(H,G)
l−n , and consist
of K-type modified Bessel functions and Hankel functions. The superscript G is used to
denote that these are grating sums rather than those for the two-dimensional case. We
defined them in Section 2.6.1, equations (2.83), (2.84) and equations (2.90), (2.91), and
Movchan et al. (2009) expressed them in the same form. For convenience, we repeat
them here. The sums over even and odd integers are expressed separately.
S(K,G)2l (β,α0) = 2
∞￿
p=1
K2l(βp) cos(α0p), (S1)
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Figure A.1: (a) An example of a typical K-type grating sum which can be evaluated
directly because of its exponential convergence. (b) An example of a Hankel-type
grating sum which demonstrates why Twersky’s alternative representation is valu-
able.
S(K,G)2l+1 (β,α0) = 2i
∞￿
p=1
K2l+1(βp) sin(α0p), (S2)
are the K-type sums. These are evaluated by direct summation, since they are expo-
nentially convergent. Note that l can be positive or negative which is consistent with
the structure of the gratings sums featured in the Rayleigh system (3.26) and (3.27).
The grating sums over Hankel functions are of the form:
S(H,G)2l (β,α0) = 2
∞￿
p=1
H(1)2l (βp) cos(α0p), (S3)
S(H,G)2l+1 (β,α0) = 2i
∞￿
p=1
H(1)2l+1(βp) sin(α0p). (S4)
As Movchan et al. (2009) mentioned, these sums are not exponentially convergent but
are oscillatory, and would require an excessive number of terms to observe convergence.
Figure A.1(b) shows a typical Hankel-type grating sum evaluated using direct summa-
tion. The oscillation of the sum is clearly evident and contrasts sharply with that of
the exponentially convergent sum for the corresponding K-type grating sum which is
shown in Fig. A.1(a).
We shall use accelerated convergence formulae based on those derived by Twersky
(1961) for the Schlo¨mich series:
Hn =
∞￿
p=1
Hn(pβ) [exp{ipβ sin θi}(−1)n + exp{−ipβ sin θi}], (S5)
where β sin θi = α0 in our formulation. He states that in general, this representation
converges too slowly for numerical computations and therefore demonstrates a method
to derive an alternative representation using elementary functions.
136
In particular, it has been shown by Twersky (1961) that
Hn = (−1)nH−n, (S6)
H2n = 2
∞￿
p=1
H2n(pβ) cos(pβ sin θi) = 2
∞￿
µ=0
Cµ e
−i2nθµ + 2
−1￿
µ=−∞
Cµ e
i2nθµ
+
i
nπ
+
i
π
n￿
m=1
(−1)m 22m (n+m− 1)!B2m (∆ sin θi)
(2m)! (n−m)!∆2m , (S7)
and
H2n+1 = −2i
∞￿
p=1
H2n+1(pβ) sin(pβ sin θi) = 2
∞￿
µ=0
Cµ e
−i(2n+1)θµ − 2
−1￿
µ=−∞
Cµ e
i(2n+1)θµ
+
2
π
n￿
m=0
(−1)m 22m (n+m)!B2m+1 (∆ sin θi)
(2m+ 1)! (n−m)!∆2m+1 , (S8)
whereHn = H
(1)
n is the Hankel function of the first kind, Bn is the Bernouilli polynomial
as defined by No¨rlund (1924) (see Twersky 1961), ∆ = β/2π, and Cµ and µ are defined
by
sin θµ = sin θi + 2µπ/βd, µ = 0,±1, . . . .
Cµ =
1
βd
￿
1− sin2(θµ)
if sin2 θµ < 1, Cµ =
1
iβd
￿
sin2(θµ)− 1
if sin2(θµ) > 1.
(S9)
The coeﬃcient µ is equivalent to the order of diﬀraction p, and Cµ is equivalent to
the reciprocal of the quantities χp or χˆp used in this thesis, depending on sin2 θµ. In
expressions (S1) - (S4), we have assumed the period d to be unity (i.e. βd = β).
The Hankel-type grating sums (S3), (S4) are related to the Helmholtz operator
and were derived in Section 2.6.1, using Graf’s addition theorem, as shown by equa-
tions (2.76)-(2.84). Referring to equations (2.82) and (S5), we note that for the even
Hankel sum there is no change from the Twersky formula, but for the odd sum, we
multiply Twersky’s representation by -1.
The K-type grating sums are linked to the modified Helmholtz operator and were
derived in a similar way. We also refer to the general formula
S(K)l (β, k0) =
￿
q ￿={0,0}
Kl (βRq) e
ilθq eik 0·Rq , (S10)
used by Movchan et al. (2007) for the doubly periodic array. In the general case,
Rq = q1 d e
(1) + q2 d e
(2), q = {q1, q2}, qj ∈ Z,
where e(j) are basis unit vectors, or in polar coordinates,
Rq = (Rq, θq),
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Figure A.2: (a) Real part of Hankel function grating sum evaluated by direct sum-
mation of 50 terms for β = 3.6 for normal incidence. (b) Real part of Hankel function
grating sum evaluated using Twersky accelerated convergence formulae for 50 terms
for β = 3.6 for normal incidence.
but we substitute parameters corresponding to the one-dimensional case of a grating:
q2 = 0, q1 ∈ Z and Rq = q1 d. The angular argument is satisfied by
θq =
￿
0, q1 > 0
π, q1 < 0,
and we replace the Bloch vector k0 by the Bloch parameter α0 = β sin θi. This yields
S(K,G)l (β, α0) =
∞￿
p=1
Kl (β pd) [exp{iα0 pd} + (−1)l exp{−iα0 pd}]. (S11)
For l even, the imaginary parts in the sum cancel, and for l odd, the real parts cancel.
Hence we obtain expressions (S1) and (S2) where we have assumed that the periodicity
d of the gratings is unity. We refer to Abramowitz & Stegun (1965), equation (9.6.6)
to account for negative orders of the K-type modified Bessel functions:
K−ν (z) = Kν (z),
where ν ∈ Z. Thus there is no change in the grating sum when the multipole order
changes sign.
A.2 Accelerated convergence
We illustrate with some examples the necessity for using accelerated convergence for
the Hankel grating sums. For a given value of the spectral parameter β, we compare
direct summation for the Hankel function grating sums, and the corresponding Twersky
formulae, for both real and imaginary parts. In Figure A.2, we show the first 50 terms of
the direct sum (a) and Twersky sum (b) for the real part when β = 3.6. The equivalent
sums for the imaginary part are shown in Figure A.3.
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Figure A.3: (a) Imaginary part of Hankel function grating sum evaluated by direct
summation of 50 terms for β = 3.6 for normal incidence. (b) Imaginary part of Han-
kel function grating sum evaluated using Twersky accelerated convergence formulae
for 50 terms for β = 3.6 for normal incidence.
In both cases, it is clear that the direct sum results in oscillation about the con-
verged value over a significant range. For the real part, the value varies over a range
of around 0.2, approximately one third of the converged result. Several additional
terms are required for satisfactory convergence, and as Twersky stated in 1961, this
would considerably slow down numerical computations. In contrast for the Twersky
sum, shown in parts (b) of Figs. A.2 and A.3, convergence is extremely rapid, provid-
ing accuracy to four decimal places within twenty terms for the imaginary part, and
immediate convergence for the real part.
This diﬀerence is also exemplified when plotting energy versus the spectral param-
eter β. In Figure A.4 we plot normalised reflected energy (blue curve) and normalised
transmitted energy (red) versus β for propagating orders (zero order only for this range)
for a single grating of voids with radius a = 0.1, for normal incidence. The range for
the spectral parameter is 0.1 < β < 2π, and we plot for both direct summation and
accelerated convergence.
For direct summation (Fig. A.4 (a)), we observe oscillation about the genuine values
of 1 for the reflected energy and 0 for the transmitted energy. In contrast, this oscillatory
eﬀect is eﬀectively eliminated when using the Twersky accelerated convergence formulae
(Fig. A.4 (b)). We note that the conservation of energy for the grating is clearly
illustrated in Fig. A.4(b), but appears to be unsatisfied for the evaluation of the Hankel
sums using direct summation in part (a).
For a grating of rigid pins, the plot that we obtain for reflectance of a single grating
does not depend on the choice of summation technique. This is because this is the
monopole case, where the sums are reduced to one term only.
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Figure A.4: Normalised reflected energy Rtot (blue curve) and transmitted energy
Ttot (red) versus spectral parameter β for normal incidence for a single grating with
a = 0.1 in the range 0.1 < β < 2π for propagating orders (zeroth order only
in this range). (a) grating sums evaluated by direct summation and (b) Twersky
accelerated convergence formulae.
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